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Abstract
We study various topological invariants on a torsional geometry in the presence of a totally
anti-symmetric torsion H under the closed condition dH = 0, which appears in string theory
compactification scenarios. By using the identification between the Clifford algebra on the geom-
etry and the canonical quantization condition of fermions in quantum mechanics, we construct
N = 1 quantum mechanical sigma model in the Hamiltonian formalism. We extend this model
to N = 2 system, equipped with the totally anti-symmetric tensor associated with the torsion on
the target space geometry. Next we construct transition elements in the Lagrangian path integral
formalism and apply them to the analyses of the Witten indices in supersymmetric systems. We
explicitly show the formulation of the Dirac index on the torsional manifold which has already
been studied. We also formulate the Euler characteristic and the Hirzebruch signature on the
torsional manifold.
1 Introduction
Flux compactification scenarios have become one of the most significant issues in the study of low
energy effective theories from string theories (for instance, see [1, 2, 3] and references therein). Non-
trivial fluxes induce a superpotential, which stabilizes moduli of a compactified geometry and de-
creases the number of “redundant” massless modes in the low energy effective theory in four di-
mensional spacetime. This mechanism, called the moduli stabilization, also gives a new insight into
cosmology as well as string phenomenology ([4] and a huge number of related works).
Flux compactification provides another interesting issue to the compactified geometry itself: In
a specific situation, for instance, the NS-NS three-form flux Hmnp behaves as a torsion on the com-
pactified geometry and gives rise to a significant modification [5], i.e., the Ka¨hler form is no longer
closed. This phenomenon indicates that the fluxes modify the background geometry in supergravity
in a crucial way. Of course, the Calabi-Yau condition [6] should be influenced by the back reactions
from the fluxes onto the geometry.
If a certain n-dimensional manifold has a non-trivial structure group G on its tangent bundle,
this manifold, called the G-structure manifold, admits the existence of nowhere vanishing tensors;
for example, the metric (G ⊆ O(n)), the Levi-Civita anti-symmetric tensor (G ⊆ SO(n)), the almost
complex structure (G ⊆ U(m) where n = 2m), and the holomorphic m-form (G ⊆ SU(m)). This
classification does not exclude the existence of torsion. (In this sense, a Calabi-Yau n-fold is one
of the SU(n)-structure manifolds.) This classification is also studied in terms of Killing spinors on
the manifold. In particular, the six-dimensional SU(3)-structure manifold has been investigated in
terms of intrinsic torsion [7] and has been applied to the string theory compactification scenarios
[8]. Since we mainly study supergravity theories as low energy effective theories of string theories,
we always assume the existence of the metric gmn and dilaton field Φ on the compactified manifold.
In a generic case of the string compactification, we can also introduce non-trivial NS-NS three-form
flux Hmnp with its Bianchi identity. In type II theories appropriate R-R fluxes are also incorporated.
All of these are strongly related via the preserved condition of supersymmetry. In the heterotic case,
supersymmetryvariations of the gravitino ψm, the dilatino λ and the gaugino χ give rise to the Killing
spinor equations
0 = δψm =
(
∂m +
1
4
ω−m
ab Γab
)
η+ ≡ Dm(ω−)η+ , (1.1a)
0 = δλ = −1
4
(
Γm∇mΦ− 1
6
HmnpΓ
mnp
)
η+ , (1.1b)
0 = δχ = −1
4
FmnΓ
mnη+ , (1.1c)
where η+ is theWeyl spinor on the six-dimensional manifold whose normalization is given as η
†
+η+ =
1, and ω−mab = ωmab − Hmab [5]. Then the NS-NS three-form flux Hmnp is interpreted as a totally
2
anti-symmetric contorsion (or equivalently, a totally anti-symmetric torsion) on the manifold with
negative sign: Hmnp = −Tmnp = −Γm[np]. The analysis of the manifold becomes much clear when
we introduce a set of mathematical definitions such as
Almost complex structure : Jm
n ≡ iη†+Γmnη+ , JmpJpn = −δnm , (1.2a)
Lee-form : θ ≡ J ydJ = 3
2
Jmn∇[mJnp] dxp , (1.2b)
Nijenhuis tensor : Nmn
p ≡ Jmq∇[qJn]p − Jnq∇[qJm]p , (1.2c)
Bismut torsion : T (B)mnp ≡
3
2
Jm
qJn
rJp
s∇[sJqr] = −
3
2
J[m
q∇|q|Jnp] . (1.2d)
If there are no fermion condensations and H-flux condensation in heterotic string compactified on
the manifold with SU(3)-structure satisfying Dm(ω−)Jnp = 0, the compactified manifold is complex
and non-Ka¨hler. Actually this is so-called a conformally balanced manifold, on which the Nijenhuis
tensor vanishes Nmnp = 0, the dilaton field is related to the Lee-form θ = 2dΦ and d(e−2ΦJ ∧ J) = 0.
Furthermore, theNS-NS three-formfluxHmnp is given by the Bismut torsion T
(B)
mnp [9]. We can classify
compactified manifolds under specific conditions in the following way (see also the discussions in
[10, 11, 12]):
θ = 2dΦ , d
(
e−2ΦJ ∧ J) = 0 → conformally balanced (1.3a)
if θ = 0 → balanced (1.3b)
if d
(
e−ΦJ
)
= 0 → conformally Ka¨hler (1.3c)
if dH = dT (B) = 0 → strong Ka¨hler with torsion (1.3d)
On the contrary, however, one has not understood a lot of mathematical properties of the G-
structure manifold such as moduli and moduli spaces. This is quite different from the case of Calabi-
Yau manifold [13]. Because of the lack of knowledge, one has not been able to discuss the massless
modes on the ground state in the effective theory derived from string theory compactified on the
G-structure manifold.
Similarly, various kinds of topological invariants on torsional geometries have not been analyzed,
although many topological invariants on Riemannian manifolds have been well investigated. Here
let us briefly introduce some invariants: Suppose there exist Dirac fermions in an even dimensional
geometry. We define chirality on the Dirac fermions and find the difference between the number of
fermions with positive chirality and the number of fermions with negative chirality at the massless
level. This difference is a topological invariant, which is called the index of the Dirac operator, or
the Dirac index [14, 15, 16]. We also introduce the Euler characteristic as the difference between the
number of harmonic even-forms and the number of odd-forms on the manifold, and the Hirzebruch
signature as the difference between the number of self-dual forms and the number of anti-self-dual
3
forms. These invariants are described in terms of polynomials of Riemann curvature two-form (see,
for example, [17, 18, 19]). So far the index of the Dirac operator in the presence of torsion has been
studied [20, 21, 22, 23]. Unfortunately, however, the other indices on a torsional manifold have not
been analyzed so much. In particular, it is quite worth studying the Euler characteristic on a complex
manifold in the presence of torsion, which will give a new insight on the number of generation in the
flux compactification scenarios.
The main discussion of this paper is to analyze such kinds of topological invariants derived from
the Dirac operator, which appears in the following equations of motion for fermionic fields in the
supergravity [24]:
0 = /D(ω)λ− 1
12
HmnpΓ
mnpλ = /D(ω − 13H)λ , (1.4a)
0 = /D(ω,A)χ− 1
12
HmnpΓ
mnpχ = /D(ω − 13H,A)χ . (1.4b)
First, we define the index of the Dirac operator on the torsional manifold in the infinity limit of β:
index/D ≡ lim
β→∞
Tr
{
Γ(5)e
−βR
}
= lim
β→0
Tr
{
Γ(5)e
−βR
}
, (1.5)
where R is an appropriate regulator, given by the square of the Dirac operator (or, equivalently,
the Laplacian) in a usual case. Notice that since a topological value is definitely independent of
the continuous parameter β, we can take the zero limit β → 0. This topological invariant can be
represented as an appropriate quantum number in supersymmetric quantum mechanics [14] via the
identification of the cohomology on the manifold with the supersymmetric states in the quantum
mechanics. To investigate this, we define the Witten index in the quantum mechanics
lim
β→0
Tr
{
(−1)F e−β~ H } = lim
β→0
∫
dX 〈X |(−1)F e−β~ H |X 〉 . (1.6)
We identify (1.5) with (1.6) via the identification of the the regulator R and the chirality operator Γ(5)
on the manifold with the Hamiltonian H and the fermion number operator (−1)F in the quantum
mechanics, respectively. The trace Tr denotes the sum of all transition elements whose final states
〈X | correspond to the initial states |X 〉. Second, we rewrite the Witten index from the Hamiltonian
formalism, as described above, to the Lagrangian path integral formalism. During this process, we
introduce discretized transition elements and adopt the Weyl-ordered form in order to avoid any
ambiguous ordering of quantum operators. Then we integrate out momentum variables and ob-
tain the transition elements described in the configuration space path integral. Third, we discuss the
Feynman rule which defines free propagators and interaction terms in the supersymmetric systems.
Finally, we evaluate the Witten indices in the quantummechanical nonlinear sigma models in appro-
priate ways. This procedure is summarized in a clear way by de Boer, Peeters, Skenderis and van
Nieuwenhuizen [25], and Bastianelli and van Nieuwenhuizen [26]. We will apply this technique to
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the analysis of index theorems on the torsional manifold. To simplify the discussion, we impose the
closed condition dH = 0 on the NS-NS three-form in the same way as [21, 20]. This indicates that we
only focus on the index theorems on the strong Ka¨hler with torsion (1.3d). Although this condition is
too strong to find the suitable solution in the heterotic string compactification with non-trivial fluxes
[27, 24], it is still of importance to analyze the manifold with such condition, which also appears in
type II string theory compactifications.
This paper is organized as follows: In section 2 we construct N = 1 and N = 2 quantum super-
symmetric Hamiltonians equipped with a non-vanishing totally anti-symmetric field Hmnp, which
can be regarded as the torsion on the manifold considered. In section 3 we describe the transition ele-
ments in the Hamiltonian formalism and rewrite them to functional path integrals in the Lagrangian
formalism. We also prepare bosonic and fermionic propagators in the quantum mechanics. This
transition elements play significant roles in the evaluation of the Witten indices in next sections. In
section 4 and 5 the Witten index in N = 1 supersymmetric quantum mechanical nonlinear sigma
model is analyzed. First we review the Witten index associated with the Dirac index on a usual Rie-
mannian manifold without boundary. Next we generalize the index on the manifold in the presence
of non-trivial torsion H . We obtain an explicit expression of the Pontrjagin class and of the Chern
character on the torsional manifold. The Euler characteristic corresponding to the Witten index in
N = 2 supersymmetric system is discussed in section 6. This topological invariant is also discussed
on the torsional manifold. In section 7 we also analyze the derivation of the Hirzebruch signature
on the manifold with and without torsion from the N = 2 supersymmetric quantum mechanics. We
summarize this paper and discuss open problems and future works in section 8. We attach some ap-
pendices in the last few pages. In appendix A we list the convention of differential geometry which
we adopt in this paper. In appendix B a number of useful formulae, which play important roles in
the computation of Feynman graphs, are listed.
2 Supersymmetric quantum Hamiltonians
First of all, we prepare a bosonic operator xm and its canonical conjugate momentum pm in quantum
mechanics, whose canonical quantization condition is defined as a commutation relation between
them in such a way as [xm, pn] = i~ δ
m
n . Since we consider a quantum mechanical nonlinear sigma
model, we regard xm as a coordinate on the target space of the sigmamodel, where its index runsm =
1, . . . ,D. Since the target space is curved, the differential representation of the canonical momentum
operator is given as g
1
4pmg
− 1
4 = −i~ ∂m equipped with the determinant of the target space metric
g = det gmn. We also introduce a real fermionic operator ψ
a in the quantum mechanics, equipped
with the local Lorentz index a = 1, . . . ,D. In the quantum mechanics of real fermions, we define
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the canonical quantization condition as an anti-commutation relation {ψa, ψb} = ~ δab. Since, under
the identification ψa ≡
√
~
2Γ
a, the structure of this quantization condition can be interpreted as the
SO(D) Clifford algebra given by the anti-commutation relation between the Dirac gamma matrices
{Γa,Γb} = 2δab on the target geometry, we will investigate the Dirac index on this curved geometry
in terms of the Witten index in the quantum mechanics. First let us discuss N = 1 supersymmetry,
and extend this to N = 2 supersymmetry under a certain condition. We should choose N = 1 or
N = 2 in the case when we want to study the index density for the Pontrjagin classes, or for the Euler
characteristics, respectively [14]1.
2.1 N = 1 real supersymmetry
Now let us introduce the N = 1 supersymmetry algebra with respect to a real fermionic charge Q1:
{Q1, Q1} = 2~H 1 . (2.1)
Note that H 1 is the quantum Hamiltonian in N = 1 system, where the superscript “1” indicates
N = 1. We will realize this algebra in terms of quantum operators xm, pm and ψa. It is useful to
introduce a covariant momentum operator associated with a covariant derivativeDm(ω− 13H)which
appears in the equation of motion in the supergravity (1.4). The covariant momentum operator is
π(−1/3)m ≡ pm −
~
2
(
ωmab − 1
3
Hmab
)
Σab . (2.2)
Later we sometimes use the description ωˆmab ≡ ωmab − 13Hmab. Since the Dirac operator acts on
spinors on the geometry, the Lorentz generator Σab is given in the spinor representation, which can
be described in terms of the real fermions via the identification Γa =
√
2
~
ψa such as
Σab =
i
4
(
ΓaΓb − ΓbΓa) = i
2~
(
ψaψb − ψbψa) ≡ i
~
ψab . (2.3)
We should also define the action of the covariant momentum on the fermionic operator:
g
1
4 [π(−1/3)m , ψ
a]g−
1
4 = 0 , g
1
4 [π(−1/3)m , ψ
n]g−
1
4 = i~Γn(−1/3)pm ψ
p = i~
(
Γn0pm −
1
3
Hnpm
)
ψp , (2.4)
where Γn0pm is the Levi-Civita connection defined in appendix A. Actually, the above commutator is
associated with the covariant derivative of the Dirac gamma matrix on the target geometry.
By using the covariant momentum π
(−1/3)
m , let us represent the superchargeQ1H and the Hamilto-
nian H 1H (where the subscriptH denotes that the operator contains the torsionH) as follows:
Q1H ≡ ψmg
1
4π(−1/3)m g
− 1
4 = ψmg
1
4
(
pm − i
2
(
ωmab − 13Hmab
)
ψab
)
g−
1
4 , (2.5a)
1Alvarez-Gaume´ [14] and Mavromatos [20] refer the N = 2 (N = 1) model to N = 1 (N = 1/2) supersymmetric
quantum mechanics.
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H
1
H =
1
2
g−
1
4π(−1)m g
mn√g π(−1)n g−
1
4 +
~
2
8
R(ω)− ~
2
24
HmnpH
mnp . (2.5b)
Note that we used the closed condition dH = 0. Since we used the complete square in H 1H , the
magnitude of the torsion in the covariant momentum is changed to π
(−1)
m . This is consistent with the
analysis of the Killing spinor equation in the heterotic theory [24]. We can also formulate the N = 1
supersymmetric charges with introducing a (non-abelian) gauge fields on the target space:
Q1H = ψ
mg
1
4 π˜(−1/3)m g
− 1
4 , {Q1H , Q1H} = 2~H 1H , (2.6a)
H
1
H =
1
2
g−
1
4 π˜(−1)m g
mn√g π˜(−1)n g−
1
4 +
~
2
8
[
R(ω)− 1
3
HmnpH
mnp
]
− 1
2
Fαmnψ
mn(cˆ†Tαcˆ) , (2.6b)
π˜(α)m = pm −
i
2
(
ωmab + αHmab
)
ψab − iAαm(cˆ†Tαcˆ) , (2.6c)
where we used the anti-hermitian matrix Tα as a generator of the gauge symmetry group. We also
introduced a complex ghost field cˆi living in the quantum mechanics.
2.2 N = 2 complex supersymmetry
Nowwe introduce two sets of real fermionic operatorsψaα (α = 1, 2) and perform the complexification
of fermionic operators via linear combination
ϕa ≡ 1√
2
(ψa1 + iψ
a
2 ) , ϕ
a ≡ 1√
2
(ψa1 − iψa2) . (2.7a)
Note that we used the convention ϕa = (ϕa)†. Then the canonical quantization condition is extended
in such a way as
{ϕa, ϕb} = 0 , {ϕa, ϕb} = 0 , {ϕa, ϕb} = ~ δab . (2.7b)
This is nothing but the SO(D,D) Clifford algebra. This complex fermion ϕa plays a central role in
N = 2 supersymmetry, while ψa consists of N = 1 supersymmetry. Now let us construct the N = 2
supersymmetric model. Let us define the commutation relations between the covariant momentum
operator πm and the complex fermions, which are given in terms of the affine connection Γ
p
0mn in the
same analogy as in the N = 1 system:
g
1
4 [πm, ϕ
n]g−
1
4 = i~Γn0pmϕ
p , g
1
4 [πm, ϕn]g
− 1
4 = −i~Γp0nmϕp . (2.8)
The Lorentz generator coupled to the spin connection and the curvature tensor are expressed as
Σab =
i
~
(
ϕaϕb − ϕbϕa
)
, (2.9a)
g
1
4 [πm, πn] g
− 1
4 =
i~2
2
Rabmn(ω)Σ
ab = −~Rabmn(ω)ϕaϕb . (2.9b)
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Next, let us express N = 2 supercharge Q and extend it as the supercharge equipped with the
torsion given by three-form flux H . In the same way as the N = 1 supercharge, we will identify
the de Rham cohomology on the manifold with the N = 2 supersymmetry algebra. In the case
on the Riemannian manifold, we identify the exterior derivative d on the geometry with the N =
2 supercharge Q ≡ ϕmg 14πmg− 14 , where πm is the covariant momentum in the N = 2 quantum
mechanics defined as
πm = pm − ~
2
ωmab Σ
ab = pm − iωmab ϕaϕb . (2.10)
Let us introduce the torsion on the geometry. Following the discussions [28, 29, 20, 30, 31], we extend
the exterior derivative d to dH in such a way as
dH ≡ d +H∧ , (dH)2 = (dH) ∧ . (2.11)
This means that dH is nilpotent up to the derivative dH , i.e., this yields the equivariant cohomology.
In this paper we always impose the vanishing condition dH = 0. In addition, by using the Darboux
theorem, we can identify the one-form with the holomorphic variable, while the adjoint of the one-
form can be identified with the anti-holomorphic variable. Thus, we identify the exterior derivative
dH and its adjoint d
†
H with appropriate operators in terms of complex fermions ϕ
m and ϕm in the
quantum mechanics:
dH ↔ QH ≡ ϕmg
1
4πmg
− 1
4 + αiHmnp ϕ
mϕnϕp , (2.12a)
d†H ↔ QH ≡ ϕmg
1
4πmg
− 1
4 + αiHmnp ϕ
mϕnϕp . (2.12b)
We wish to interpret QH as the “supercharge”, associated with the exterior derivative dH ≡ d +H∧,
while QH associated with d
†
H , i.e., the adjoint of the derivative dH . Here we also introduced the scale
factor α, which should be fixed compared with the N = 1 supercharge. In order to fix the coefficient
α, let us truncate the supercharge QH to the supercharge Q
1
H in the N = 1 supersymmetry (2.5) via
the restriction ψa2 = 0 and ψ
a
1 ≡ ψa:
QH → 1√
2
ψm
{
g
1
4 pm g
− 1
4 − i
2
(
ωmab − αHmab
)
ψaψb
}
=
1√
2
Q1H . (2.13)
Since we have already known the N = 1 superchargeQ1H , we can fix the coefficient
α =
1
3
= α . (2.14)
Due to the first Bianchi identityR[mnp]q(ω) = 0 andD[d(ω)Hcab] =
1
4(dH)dcab = 0, we find that the
supersymmetry algebra is given by
{QH , QH} = ~
6
(dH)abcd ϕ
abcd = 0 , {QH , QH} = ~
6
(dH)abcd ϕ
abcd = 0 , (2.15a)
8
{QH , QH} = 2~HH , [QH ,HH ] = − 1
2~
[QH , (QH)
2] = 0 . (2.15b)
The vanishing condition of the last commutator guarantees the supersymmetric system, in which the
energy levels of the bosonic and fermionic states are degenerated. Now we explicitly express the
Hamiltonian HH in terms of the complex fermions:
QH = ϕ
m
(
g
1
4 pm g
− 1
4 − iωmab ϕaϕb + i
3
Hmab ϕ
ab
)
= ϕm
(
g
1
4πm g
− 1
4 +
i
3
Hmab ϕ
ab
)
, (2.16a)
HH =
1
2
g−
1
4
{
πm +
i
2
Hmab
(
ϕab + ϕab
)}
gmn
√
g
{
πn +
i
2
Hncd
(
ϕcd + ϕcd
)}
g−
1
4
− 1
2
Rabmn(ω)ϕ
mϕnϕaϕb +
1
6
∂m(Hnpq)
(
ϕmϕnpq + ϕmϕnpq − 3~
2
gmnϕpq − 3~
2
gmnϕpq
)
+
1
8
HmnrHpq
r
(
ϕmnpq + ϕmnpq − 2ϕmnϕpq
)
− ~
2
HmpqHn
pq ϕmϕn +
~
2
12
HmnpH
mnp . (2.16b)
There exists a comment on the Hamiltonians in the N = 1 and in the N = 2 systems. The
N = 1 Hamiltonian cannot be obtained by truncation of the N = 2 Hamiltonian, because the
truncation ψa2 = 0 is no longer consistent at the quantum level since the anti-commutation rela-
tion {ψa1 + iψa2 , ψb1 + iψb2} becomes non-zero via the truncation. On the other hand, we need not use
such anti-commutation relation when we reduce the N = 2 supercharge to the charge in the N = 1
system.
3 Path integral formalism from Hamiltonian formalism
In this section we will discuss a generic strategy to obtain the transition element 〈x |e−β~ H | y 〉which
appears in (1.6). We will introduce a number of useful tools to investigate the quantum mechanical
path integral, i.e., the complete sets of eigenstates, and the Weyl-ordered form. Next we will move to
the concrete constructions of the transition elements in the N = 1 and in the N = 2 systems. In this
paper we omit many technical details which can be seen in the works [25, 26]. We mainly follow the
convention defined in [26]. Before going to the main discussion, for later convenience, let us take a
rescaling on the fermionic operators which we introduced in the previous section:
N = 2 system: ϕa →
√
~ϕa , (3.1a)
N = 1 system: ψa →
√
~ψa , ghost fields: ϕgh →
√
~ϕgh . (3.1b)
3.1 General discussion
In order to formulate the transition elements we should prepare a number of tools. Let x̂m and p̂m
be the operators of the coordinate and the momentum, respectively, while xm and pm denote their
9
eigenvalues2. According to [25, 26], let us introduce the complete set of the x̂-eigenfunctions and the
complete set of the p̂-eigenfunctions∫
dDx |x 〉
√
g(x)〈x | ≡ 1 ≡
∫
dDp | p 〉〈 p | , (3.2)
where g(x) = det gmn(x). We also define the inner products and the plane wave such as
〈x | y 〉 ≡ 1√
g(x)
δD(x− y) , 〈 p | p′ 〉 ≡ δD(p − p′) , (3.3a)
〈x | p 〉 ≡ 1
(2π~)D/2
exp
( i
~
p · x
)
g−
1
4 , (3.3b)
where the plane wave is normalized to∫
dDp exp
( i
~
p · (x− y)
)
= (2π~)D/2δD(x− y) , (3.3c)
which appears when we evaluate the transition elements with infinitesimal short period. In order to
discuss the path integrals for Dirac fermion operators, let us also introduce a set of coherent states for
fermionic operators in terms of the operator ϕ̂a satisfying {ϕ̂a, ϕ̂b} = δab, and a complex Grassmann
odd variable η:
| η 〉 ≡ ebϕaηa | 0 〉 , ϕ̂a| 0 〉 = 0 , ϕ̂a| η 〉 = ηa| η 〉 , (3.4a)
〈 η | ≡ 〈 0 |eηa bϕa , 〈 0 |ϕ̂a = 0 , 〈 η |ϕ̂a = 〈 η |ηa . (3.4b)
The inner product of these coherent state is given by 〈 η | ζ 〉 = eηaζa . In the same analogy as (3.2), we
introduce a complete set of the Dirac fermion coherent states:
1 =
∫ D∏
a=1
dηadηa | η 〉 e−ηaηa〈 η | , (3.5a)
D∏
a=1
dηa ≡ dηDdηD−1 · · · dη1 ,
D∏
a=1
dηa ≡ dη1dη2 · · · dηD . (3.5b)
Generically we define the following matrix elementM(z, y) in the quantum mechanics:
M(z, y) = 〈 z |Ô(x̂, p̂)| y 〉 , (3.6)
where | y 〉 and 〈 z | are the initial and final state, respectively. Now we are quite interested in the
transition element with respect to the quantum Hamiltonian Ĥ and a parameter β:
T (z, η; y, ζ;β) ≡ 〈 z, η | exp
(
− β
~
Ĥ
)
| y, ζ 〉 . (3.7)
2The symbol “b” on an operator is omitted if there are no confusions.
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Nextwe introduceN−1 complete sets of position eigenstates xk and of the fermion coherent states λk
into the above transition elements. At the same time let us also insertN complete sets of momentum
eigenstates pk and of another fermion coherent states ξk to yield
〈 z, η | exp
(
− β
~
Ĥ
)
| y, ζ 〉
=
∫ N−1∏
i=1
dDxi
N−1∏
i′=1
dλi′λi′ e
−λi′λi′
N∏
j=1
dDpj
N−1∏
j′=0
dξj′dξj′ e
−ξj′ξj′
×
N−1∏
k=0
〈xk+1, λk+1 | pk, ξk 〉 exp
(
− ǫ
~
HW(xk+ 1
2
, pk+1; ξk,
1
2(ξk + λk))
)
〈 pk, ξk |xk, λk 〉
=
[
g(z)g(y)
]− 1
4
∫ N∏
j=1
dDpj
(2π~)D
N−1∏
i=1
dDxi
N−1∏
j′=0
dξj′dξj′
× exp
(
η · ξN−1 + ǫ
~
N−1∑
k=0
[
ipk+1 · xk+1 − xk
ǫ
− ~ ξk · ξk − ξk−1
ǫ
−HW (xk+ 1
2
, pk+1; ξk, ξk− 1
2
)
])
.
(3.8)
Notice that the subscript k denotes the k-th complete set of the bosonic eigenstates, or the k-th com-
plete set of the fermionic coherent states. We also note that y = x0, z = xN , η = λN , ζ = λ0 = ξ−1. We
adopt the midpoint rule xk+ 1
2
= 12 (xk+1 + xk) and ξk− 12
= 12(ξk + ξk−1). The factors
√
g(xk) compen-
sate exactly the g
1
4 factors from the plane waves in the inner products. Furthermore, we integrated
the arguments λk and λk to yield a useful equation∫
dλkdλk e
−λk·(λk−ξk−1)f(λk) = f(ξk−1) , (3.9)
where f(λ) is an arbitrary function of the fermionic variable λ. Notice that Ĥ is the quantumHamil-
tonian in terms of quantum operators, while HW is its Weyl-ordered form. The translation from the
operator to the Weyl-ordered form is given in terms of the symmetrized form ĤS by
Ĥ = ĤS + further terms = HW . (3.10)
Integrating out the (discretized) momenta and taking the continuum limit N → ∞, ǫ/β → dτ with∑N−1
k=0 ǫ/β →
∫ 0
−1 dτ , we obtain the continuum path integral description in a following form:
T (z, η; y, ζ;β) =
(
g(z)
g(y)
) 1
4 1
(2πβ~)D/2
eηaζ
a
〈
exp
(
− 1
~
S(int) − 1
~
S(source)
)〉
0
. (3.11)
Note the followings: The action S(int) is given in terms of the interaction terms in the Lagrangian
derived from the Legendre transformation of Weyl-ordered Hamiltonian, which we will explicitly
show later. We introduced the external source of fields contained in the action S(source) to define
their propagators. The additional factor
√
g(z) appears due to the expanding the metric in S(int)
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at the point z and due to the integrating out the free kinetic terms of fields (see, for detail, section
2.1 in [26]). The symbol 〈· · ·〉0 denotes the contraction of interaction terms in terms of propagators
and setting the external source to zero. From now on we simply abbreviate
〈
e−
1
~
S(int)− 1
~
S(source)
〉
0
as〈
exp(− 1
~
S(int))
〉
.
3.2 Weyl-ordered form of quantum Hamiltonians
The next task is to study theWeyl-ordered form of the HamiltoniansH WH and obtain the actions S
(int)
in the N = 2 and the N = 1 systems, respectively. The symmetrized form of the bosonic operators is
defined by ∏
m,n
N !
{
(p̂m)
km(x̂n)ℓn
}
S
≡
∏
m,n
( ∂
∂αm
)km( ∂
∂βn
)ℓn(
αmp̂m + βnx̂
n
)N
, (3.12a)
N ≡
∑
m
km +
∑
n
ℓn . (3.12b)
In the N = 2 complex fermions’ case we define the following anti-symmetrized form:∏
a,b
N !
{
(ϕ̂a)ma(ϕ̂b)
nb
}
S
≡
∏
a,b
( ∂
∂αa
)ma( ∂
∂βb
)nb(
αaϕ̂
a + βbϕ̂b
)N
, (3.13a)
N ≡
∑
a
ma +
∑
b
nb , (3.13b)
where we perform the left derivative with respect to the Grassmann odd variables αa and β
b. In the
N = 1 real fermions’ case, the anti-symmetrized form is defined by(
ψa1 · · ·ψaN )
S
≡ 1
N !
∏
i
( ∂
∂αai
)(
αaψ
a
)N
. (3.14)
By using the above rules, we obtain the Weyl-ordered form of theN = 2Hamiltonian
H
W
H =
1
2
(
gmnπ(−1)m π
(−1)
n
)
S
+
~
2
8
[
gmnΓp0mqΓ
q
0np + g
mn ωmab ωn
ab
]
− ~
2
2
Rpqmn(Γ0) (ϕ
mϕnϕpϕq)S +
~
2
12
HmnpH
mnp +
~
2
6
∂m(Hnpq)
[
(ϕmϕnpq)S + (ϕ
mϕnpq)S
]
+
~
2
8
HmnrHpq
r
[
(ϕmnpq)S + (ϕ
mnpq)S − 2(ϕmnϕpq)S
]
, (3.15a)
π(−1)m ≡ πm +
i~
2
Hmab
(
ϕab + ϕab
)
= pm − i~ωmab ϕaϕb + i~
2
Hmab
(
ϕab + ϕab
)
, (3.15b)
and of the N = 1Hamiltonian
H
1;W
H =
1
2
(
gmnπ˜(−1)m π˜
(−1)
n
)
S
+
~
2
8
{
gmnΓp0mqΓ
q
0np +
1
2
gmnω−mab ω−n
ab
}
− ~
2
24
HmnpH
mnp − ~
2
2
Fαmn(ψ
mn)S(cˆ
†Tαcˆ) , (3.16a)
π˜(−1)m ≡ pm −
i~
2
ω−mab ψ
ab − i~Aαm(cˆ†Tαcˆ) . (3.16b)
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To proceed computations in path integral formalism in the N = 1 system, we would like to add
a second set of “free” Majorana fermions in order to simplify the path integral in the N = 1 system
in the same way as the one in the N = 2 system. Denoting the original Majorana fermions ψa by ψa1 ,
and the new ones by ψa2 , and combining them, we again construct Dirac fermions χ
a and χa as
χa =
1√
2
(
ψa1 + iψ
a
2
)
, χa =
1√
2
(
ψa1 − iψa2
)
. (3.17)
Notice that, in this context, ψa2 differs from the second component of the previously defined Dirac
fermions ϕa because now ψa2 is introduced as a “free” fermion in the N = 1 Hamiltonian.
3.3 Explicit form of the transition element in N = 2 system
We are ready to discuss the explicit form of the transition element in the N = 2 system in the
framework of the Lagrangian formalism. Let us first decompose the bosonic and fermionic vari-
ables into two parts, i.e., the background fields and quantum fluctuations in such a way as xm(τ) =
xmbg(τ) + q
m(τ) and ξa(τ) = ξabg(τ) + ξ
a
qu(τ), respectively. These background fields follow the free
equations of motion whose solutions are
xmbg(τ) = z
m + τ(zm − ym) , ξabg(τ) = ζa , ξabg(τ) = ηa , (3.18)
with constraints (via the mean-value theorem)
qm(−1) = qm(0) = 0 ,
∫ 0
−1
dτ qm(τ) = 0 , (3.19a)
ξaqu(−1) = ξaqu(0) = 0 . (3.19b)
Then the description of the transition element in the configuration space path integral is given in the
following form (see eq.(2.81) in [26]):
〈 z, η | exp
(
− β
~
ĤH
)
| y, ζ 〉 =
(
g(z)
g(y)
) 1
4
1
(2πβ~)D/2
eηaζ
a
〈
exp
(
− 1
~
S
(int)
H
)〉
, (3.20a)
ηaζ
a − 1
~
S
(int)
H = −
1
~
(
SH − S(0)
)
, (3.20b)
−1
~
SH = − 1
β~
∫ 0
−1
dτ
1
2
gmn(x)
(
dxm
dτ
dxn
dτ
+ bmcn + aman
)
+ ηaζ
a −
∫ 0
−1
dτ δab ξ
a
qu
d
dτ
ξbqu
−
∫ 0
−1
dτ
dxm
dτ
(
ωmab(x)ξ
aξb − 1
2
Hmab(x)(ξ
ab + ξab)
)
+
β~
2
∫ 0
−1
dτ Rcdab(ω(x)) ξ
aξbξcξd − β~
8
∫ 0
−1
dτ Habe(x)Hcd
e(x)
(
ξabcd + ξabcd − 2ξabξcd
)
− β~
6
∫ 0
−1
dτ ∂m(Hnpq(x))
(
ξmξnpq + ξmξnpq
)
13
− β~
8
∫ 0
−1
dτ G2(x) , (3.20c)
G2(x) ≡ gmn(x)
{
Γp0mq(x)Γ
q
0np(x) + ωmab(x)ωn
ab(x)
}
+
2
3
Hmnp(x)H
mnp(x) , (3.20d)
−1
~
S(0) = − 1
β~
∫ 0
−1
dτ
1
2
gmn(z)
(
dqm
dτ
dqn
dτ
+ bmcn + aman
)
−
∫ 0
−1
dτ δab ξ
a
qu
d
dτ
ξbqu . (3.20e)
Note that we introduced anti-commuting ghost fields bm, cm and a commuting ghost field am asso-
ciated with the integrating out of momentum variables. They also appear in the N = 1 system. We
should notice that the metric in S(0) is given at the point z, not at the intermediate point x, while the
metric, spin connection, and the fluxes in SH are given at the intermediate point x. We can also define
the propagators in this system:
〈
qm(σ)qn(τ)
〉
= −β~ gmn(z)∆(σ, τ) , (3.21a)〈
am(σ)an(τ)
〉
= β~ gmn(z) δ(σ − τ) , (3.21b)〈
bm(σ)cn(τ)
〉
= −2β~ gmn(z) δ(σ − τ) , (3.21c)〈
ξaqu(σ)ξ
b
qu(τ)
〉
= δab θ(σ − τ) , (3.21d)〈
ξaqu(σ)ξ
b
qu(τ)
〉
= 0 =
〈
ξaqu(σ)ξ
b
qu(τ)
〉
, (3.21e)
where the δ(σ − τ) is the “Kronecker delta”, and −1 ≤ τ, σ ≤ 0. The definitions of various functions
are defined as ∆(σ, τ) = σ(τ + 1)θ(σ − τ) + τ(σ + 1)θ(τ − σ) = ∆(τ, σ), θ(τ − τ) = 12 , θ(τ − σ) =
−θ(σ − τ) + 1, and so forth, which we list in (B.1) (see also [26]).
3.4 Explicit form of the transition element in N = 1 system
We can also describe the transition element in the N = 1 supersymmetric quantum system in terms
of the dynamical bosonic and fermionic fields and free Majorana fields (see eq.(2.81) in [26]):
〈 z, η, ηgh | exp
(
− β
~
Ĥ
1
H
)
| y, ζ, ζgh 〉 =
(
g(z)
g(y)
) 1
4 1
(2πβ~)D/2
eηaζ
a
eηgh·ζgh
〈
e−
1
~
S
(int)
1,H
〉
, (3.22a)
ηaζ
a + ηgh · ζgh − 1
~
S
(int)
1,H = −
1
~
(
S1,H − S(0)1
)
, (3.22b)
−1
~
S1,H = ηaζ
a + ηgh · ζgh
− 1
β~
∫ 0
−1
dτ
1
2
gmn(x)
(
dxm
dτ
dxn
dτ
+ bmcn + aman
)
−
∫ 0
−1
dτ
(
δab ξ
a
qu
d
dτ
ξbqu + cˆ
†
i,qu
d
dτ
cˆiqu
)
− 1
2
∫ 0
−1
dτ
dxm
dτ
ω−mab(x)ψ
a
1ψ
b
1 −
∫ 0
−1
dτ
dxm
dτ
Aαm(x)
(
ξgh Tα ξgh
)
+
β~
2
∫ 0
−1
dτ Fαmn(x)ψ
m
1 ψ
n
1
(
ξgh Tα ξgh
)
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− β~
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∫ 0
−1
dτ G1(x) , (3.22c)
G1(x) ≡ gmn(x)
{
Γp0mq(x)Γ
q
0np(x) +
1
2
ω−mab(x)ω−n
ab(x)
}
− 1
3
Hmnp(x)H
mnp(x) , (3.22d)
−1
~
S
(0)
1 = −
∫ 0
−1
dτ
(
1
2β~
gmn(z)
{dqm
dτ
dqn
dτ
+ bmcn + aman
}
+
{
δab ξ
a
qu
d
dτ
ξbqu + cˆ
†
i,qu
d
dτ
cˆiqu
})
.
(3.22e)
In the same way as (3.18), the dynamical fields are decomposed into the background fields and the
quantum fields
ψa1 (τ) = ψ
a
1,bg(τ) + ψ
a
1,qu(τ) , ψ
a
1,bg(τ) =
1√
2
(
ζa + ηa
)
, (3.23a)
ξigh(τ) = ζ
i
gh + cˆ
i
qu(τ) , ξi,gh(τ) = ηi,gh + cˆ
†
i,qu(τ) . (3.23b)
Notice that the metric in S
(0)
1 is given at the point z, not at the intermediate point x, while the metric,
spin connection, and the fluxes in S1,H are given at the intermediate point x. In the same analogy
as the N = 2 system, we introduce the bosonic and fermionic propagators. The propagators with
respect to the bosonic quantum fields qm and the ghost fields bm, cm and am are same as the ones
(3.21) in theN = 2 system. Here we newly introduce the propagators with respect to the real fermion
ψa1,qu given by the combination with two Dirac fermions (3.23a). Since we have already introduced
the propagators with respect to the Dirac (complex) fermions ξaqu, we can derive the propagators of
ψa1,qu in such a way as 〈
ψa1,qu(σ)ψ
b
1,qu(τ)
〉
=
1
2
δab
(
θ(σ − τ)− θ(τ − σ)
)
. (3.24)
The propagator of ghost field cˆigh is also given as〈
cˆiqu(σ)cˆ
†
j,qu(τ)
〉
= δij θ(σ − τ) . (3.25)
4 Witten index in N = 1 quantum mechanics
In this section we will discuss the Witten index in the N = 1 quantum mechanical system derived
from the path integral formalism. To obtain this, we will analyze Feynman path integral in terms of
Feynman (dis)connected graphs. Since the form of theWitten index (or equivalently, the Dirac index)
is same as the one of the chiral anomaly, we refer to the derivation of the chiral anomaly given in
section 6.1 and 6.2 of [26].
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4.1 Formulation
As mentioned before, by using the identification between the Clifford algebra on the target geometry
and the anti-commutation relations of fermions in the quantummechanics, we can describe the Dirac
index equipped with the regulatorR in terms of the transition element ofN = 1 quantummechanics
index/D(ωˆ) ≡ lim
β→0
Tr
{
Γ(5)e
−βR
}
= lim
β→0
Tr
{
(−1)F e−β~ cH 1H}
= lim
β→0
(−i)D/2
2D/2
Tr
D∏
a=1
(
ϕ̂a + ϕ̂a
)
e−
β
~
cH 1
H . (4.1)
Note that the chirality operator Γ(5) on the target geometry can be identifiedwith the fermion number
operator (−1)F in the N = 1 quantum mechanics, i.e., the chirality operator is defined as Γ(5) =
(−i)D/2Γ1Γ2 · · ·ΓD, the number operator (−1)F is replaced in terms of the fermion operators
Γa ≡
√
2ψa1 =
(
ϕ̂a + ϕ̂a
)
, Γ(5) ≡ (−i)D/2
D∏
a=1
(
ϕ̂a + ϕ̂a
)
. (4.2)
Notice that the fermion ψa2 , which is now included in the path integral measure while does not ap-
pear in the Hamiltonian, has dimension 2D/2. Then we should divide by 2D/2 from the formulation
(−i)D/2∏Da=1(ϕ̂a + ϕ̂a) by hand. (See the explanation in section 6.1 in [26] and we will find that this
factor is canceled out via the fermionic measure computation.) The symbolTr in the above expression
of the index is defined as
TrO ≡
∫
dDx0
√
g(x0)
D∏
a=1
(
dζadζa
)
eζζ 〈x0, ζ |O|x0, ζ 〉 . (4.3)
Then, inserting the complete set of the fermion coherent states (3.5), we obtain the explicit form of
the Dirac index, i.e., the Witten index with respect to the N = 1 quantum mechanical path integral:
index/D(ωˆ) = lim
β→0
(−i)D/2
2D/2
∫
dDx0
√
g(x0)
D∏
a=1
(
dηadη
a dζadζa
)
eζζ 〈 ζ |
D∏
b=1
(
ϕ̂b + ϕ̂b
)| η 〉 e−ηη
× 〈x0, η | exp
(
− β
~
Ĥ
1
H
)
|x0, ζ 〉 . (4.4a)
Here the appearing transition element has already described in the previous section such as
〈x0, η | exp
(
− β
~
Ĥ
1
H
)
|x0, ζ 〉 = 1
(2πβ~)D/2
eηaζ
a
〈
exp
(
− 1
~
S
(int)
1,H
)〉
, (4.4b)
−1
~
S
(int)
1,H = −
1
2β~
∫ 0
−1
dτ
{
gmn(x)− gmn(x0)
}(
q˙mq˙n + bmcn + aman
)
− 1
2
∫ 0
−1
dτ q˙mω−mab(x)ψ
ab
1 −
β~
8
∫ 0
−1
dτ G1(x) , (4.4c)
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where x = x0 + q, ω−mab(x) = ωmab(x) −Hmab(x) and ψa1 = ψa1,bg + ψa1,qu(τ). The functional G1(x) is
defined in (3.22d). The fermionic terms are summarized as∫ D∏
a=1
(
dηadη
adζadζa
)
eζζ−ηη〈 ζ |
D∏
b=1
(
ϕ̂b + ϕ̂b
)| η 〉 = ∫ D∏
a=1
(
dηadη
adζadζa
)
eζζ−ηη+ζη
D∏
b=1
(
ηb + ζb
)
=
∫ D∏
a=1
(
dηadη
adζadζa
)
eζζ−ηη
D∏
b=1
(
ηb + ζb
)
. (4.5a)
The last factor becomes a fermionic delta function δ(η + ζ), hence 〈 ζ | η 〉 = eζη can be replaced
by unity. For the same reason, we rewrite other exponential factor in such a way as ζζ − ηη =
−12(η − ζ)(ζ − η). Let us see the measure:
D∏
a=1
dηadη
adζadζa =
∏
a
dηadζ
a · 2Dd(ζ + η)D · · · d(ζ + η)1d(η − ζ)1 · · · d(η − ζ)D . (4.5b)
Thus, combining the above two equations, we show∫ ∏
a
dηadζ
a
[
2Dd(ζ + η)D · · · d(ζ + η)1d(η − ζ)1 · · · d(η − ζ)D
]
e−
1
2
(η−ζ)(ζ−η)
∏
b
(
ηb + ζb
)
=
∫ ∏
a
dηadζ
a
∏
b
(
ζb − ηb) . (4.5c)
This is again the fermionic delta function, which annihilates the exponential factor eηζ from theWeyl-
orderedHamiltonian. We perform this fermionic delta function to the transition element. Generically
we consider the following equation in theN = 1 system:∫ ∏
a
dηadζ
a
∏
b
(
ζb − ηb) eηζF(ζ + η√
2
)
= 2D/2
∫ ∏
a
dψa1,bg F (ψ
a
1,bg) . (4.5d)
The factor 2D/2 cancels the factor 2−D/2 in (4.4), which we introduced caused by the free fermion ψa2 .
Next, rescaling the fermions ψa1 by a factor (β~)
− 1
2 as ψa1 → (β~)−
1
2ψa1 , we remove the β~ dependence
in the path integral measure. Here we show the Witten index in the path integral formalism:
index/D(ωˆ) = lim
β→0
(−i)D/2
(2π)D/2
∫
dDx0
√
g(x0)
D∏
a=1
dψa1,bg
〈
exp
(
− 1
~
S
(int)
1,H
)〉
, (4.6a)
−1
~
S
(int)
1,H = −
1
β~
∫ 0
−1
dτ
1
2
{
gmn(x)− gmn(x0)
}(
q˙mq˙n + bmcn + aman
)
− 1
2β~
∫ 0
−1
dτ q˙mω−mab(x)
(
ψ1,bg + ψ1,qu
)ab − β~
8
∫ 0
−1
dτ G1(x) , (4.6b)
where x = x0 + q. In addition, all the bosonic and fermionic propagators are proportional to β~:〈
qm(σ)qn(τ)
〉
= −β~ gmn(x0)∆(σ, τ) , (4.7a)〈
qm(σ)q˙n(τ)
〉
= −β~ gmn(x0)
(
σ + θ(τ − σ)
)
, (4.7b)
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〈
q˙m(σ)q˙n(τ)
〉
= −β~ gmn(x0)
(
1− δ(τ − σ)
)
, (4.7c)〈
am(σ)an(τ)
〉
= β~ gmn(x0) δ(σ − τ) , (4.7d)〈
bm(σ)cn(τ)
〉
= −2β~ gmn(x0) δ(σ − τ) , (4.7e)〈
ψa1,qu(σ)ψ
b
1,qu(τ)
〉
=
1
2
β~ δab
(
θ(σ − τ)− θ(τ − σ)
)
. (4.7f)
The properties of these functions are seen in (B.1). In the end of the evaluation of the path integral,
we should take a limit β → 0. There are a number of comments to verify the path integral:
• Disconnected graphs should contribute to the functional integrals, called the Feynman ampli-
tudes [22, 26].
• Graphs of higher order in β~ do not contribute to Feynman amplitudes in the vanishing limit
β → 0.
• Terms linear in the quantum fields q˙m do not contribute because of the periodic boundary con-
dition qm(−1) = qm(0) = 0.
• Terms linear in the quantum fields qm do not contribute because of the periodic boundary con-
dition and the mean-value theorem (3.19a), while the terms linear in ψa1,qu contribute because
there are no restrictions on the quantum fermion fields except for ξaqu(−1) = ξaqu(0) = 0.
• We could, for convenience, choose a frame with ∂mgpq(x0) = 0, called the Riemann normal
coordinate frame. Due to this we find ∂men
a = ∂mEa
n = 0, Γp0nq(x0) = 0 and ωmab(x0) = 0.
Notice, however that ∂p∂qem
a(x0) 6= 0, ∂mωnab(x0) 6= 0 and so forth.
• The torsion given by the NS-NS flux Hmnp (or, in mathematically equivalent form, the Bismut
torsion T (B)) is also expanded in the Riemann normal coordinate frame around x0.
• The Feynman amplitudes should be independent of the target space metric, at least invariant
under the rescale of the metric.
The torsion is given by the NS-NS three-form fluxHmnp, which is represented in terms of the Bismut
torsion T (B) in the supergravity [24]:
Hmnp(x) =
3
2
Jm
qJn
rJp
s∇[qJrs](x) =
3
2
Jm
qJn
rJp
s∂[qJrs](x) . (4.8)
As mentioned in the above comment, we will take the Riemann normal coordinate frame at the point
x0. At this point we can set the flat metric at the lowest order approximation in the following way:
gmn(x0) = δmn , ∂pgmn(x0) = 0 , ∂p∂qgmn(x0) 6= 0 . (4.9)
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Due to (4.8), and since the complex structure is proportional to the metric, the flux (or the torsion)
should be also expanded around the point x0 with the values
Hmnp(x0) =
3
2
Jm
qJn
rJp
s∂[qJrs](x0) = 0 , ∂qHmnp(x0) 6= 0 . (4.10)
By using this, the evaluation of the path integral becomes much simpler.
Note that we rewrite the derivative of the spin connection in such a way as
∂nω−mab(x0)
∫ 0
−1
dτ q˙mqn = −1
2
(
∂mω−nab(x0)− ∂nω−mab(x0)
) ∫ 0
−1
dτ q˙mqn
=
1
2
Rabmn(ω−(x0))
∫ 0
−1
dτ qmq˙n
=
1
2
Rmnab(ω+(x0))
∫ 0
−1
dτ qmq˙n , (4.11)
where we used the symmetricity on a Riemann tensor with torsion Rpqmn(ω−) = Rmnpq(ω+) −
(dH)pqmn and the periodicity of the bosonic quantum fields q
m(0) = qm(−1). Furthermore we also
generalized the derivative to the covariant derivative because nowwe analyze on a point x0 onwhich
the torsion free connections vanish: Γp0mn(x0) = ωmab(x0) = Hmab(x0) = 0.
Let us evaluate the functional integral in terms of the bosonic propagators (4.7) at the point x0.
The exponent 〈exp(− 1
~
S
(int)
1,H )〉 contains both connected and disconnected Feynman graphs. First we
analyze connected graphs, then we summarize them to obtain the products of connected graphs. Let
us introduce the effective actionWH by e
− 1
~
WH = 〈exp(− 1
~
S
(int)
1,H )〉, which is expanded as
−1
~
WH =
∞∑
k=1
1
k!
〈〈(
− 1
~
S
(int)
1,H
)k〉〉
, (4.12)
where 〈〈· · ·〉〉 indicates the value given only by the connected Feynman graphs.
For later discussions, it is also worthmentioning that the volume form and the Riemann curvature
two-form are given in terms of the vielbein one-form ea = em
adxm in the following way:
d2nx0
√
g(x0) Eb1···b2n = eb1 ∧ · · · ∧ eb2n . (4.13)
Furthermore, we also find the following formula:∫ D∏
a=1
dψa1,bg ψ
a1···aD
1,bg = (−)D/2 Ea1a2···aD . (4.14)
The trace of the odd number of the curvature two-form vanishes because the permutation of the
two-form is symmetric but the flip of the indices is anti-symmetric tr(R2k−1) = 0.
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4.2 Pontrjagin classes
4.2.1 Riemannian manifold
In this case S
(int)
1 becomes much simpler than (4.6a) because there are no terms fromH-flux. The spin
connection ω− is also reduced to ω. We also easily find that the terms equipped with higher deriva-
tives carrying more than three bosonic quantum fields qm always generate higher-loops Feynman
graphs because of the absence of the tadpole graphs. Furthermore, the terms of order in β~ do not
contribute to the final result. Then we truncate S
(int)
1 in the following way:
−1
~
S
(int)
1 = −
1
2β~
Rmn(ω(x0))
∫ 0
−1
dτ qmq˙n , Rmn ≡ 1
2
Rmnab(ω(x0))ψ
a
1,bgψ
b
1,bg , (4.15)
where we used (4.11) with H = dH = 0. Then, the path integral form of the Witten index without
H-flux is reduced to
index/D(ω) = lim
β→0
(−i)D/2
(2π)D/2
∫
dDx0
√
g(x0)
D∏
a=1
dψa1,bg
〈
exp
(
− 1
2β~
Rmn
∫ 0
−1
dτ qmq˙n
)〉
. (4.16)
Let us first evaluate the sum of connected graphs:
−1
~
W = log
〈
exp
(
− 1
2β~
Rmn
∫ 0
−1
dτ qmq˙n
)〉
=
∞∑
k=1
1
k!
(
− 1
2β~
)k
Rm1n1 · · ·Rmknk
∫ 0
−1
dτ1 · · · dτk
〈〈(
qm1 q˙n1
)
(τ1) · · ·
(
qmk q˙nk
)
(τk)
〉〉
. (4.17)
Since the two indices in the Riemann tensors are anti-symmetric whereas the propagators are sym-
metric with respect to the exchanging of bosonic quantum fields, we easily find that the contraction
at the same “time” τi yields a vanishing amplitude. We also know that the partial integration is al-
lowed since qm(τi) = 0 at the end points. Then, there are (k − 1)! ways to contract k vertices and the
symmetry of each vertex in both q yields a factor 2k−1. Then we find that the effective action (4.17) is
described as
−1
~
W =
∞∑
k=1
1
k!
(
− 1
2β~
)k
(k − 1)! 2k−1 (− β~)k · Rm1n1Rm2n2 · · ·Rmknk gn1m2gn2m3 · · · gnkm1
×
∫ 0
−1
dτ1 · · · dτk ∂τ1∆(τ1, τ2)∂τ2∆(τ2, τ3) · · · ∂τk−1∆(τk−1, τk)∂τk∆(τk, τ1)
≡ 1
2
∞∑
k=2
1
k
tr(Rk)Ik , (4.18a)
Ik ≡
∫ 0
−1
dτ1 · · · dτk
[
τ2 + θ(τ1 − τ2)
][
τ3 + θ(τ2 − τ3)
] · · · [τ1 + θ(τk − τ1)] , (4.18b)
where we used trR1 = 0. By using the formula (see appendix A.4 in [25])
∞∑
k=2
yk
k
Ik = log
y/2
sinh(y/2)
= − 1
3!
(y
2
)2
+ · · · , (4.19)
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we summarize the form of the effective action
−1
~
W =
1
2
tr log
( R/2
sinh(R/2)
)
. (4.20)
Furthermore, in order to remove the overall factor in front of the path integral (4.4), we rescale the
background fermions ψa1,bg →
√
−i
2πψ
a
1,bg. Then we obtain the path integral form of the Witten index
in such a way as
index/D(ω) =
∫
dDx0
√
g(x0)
D∏
a=1
dψa1,bg exp
[
1
2
tr log
(
−iR/4π
sinh(−iR/4π)
)]
, (4.21a)
tr(Rk) = Rm1n1Rm2n2 · · ·Rmknk gn1m2gn2m3 · · · gnkm1 . (4.21b)
Due to the property of tr(Rk), this value becomes zero whenD = 4k+2. Let us simplify the formula
(4.21) by integrating the background fermion ψa1,bg of (4.21) with noticing the formulae (4.13) (in
particular, eq.(4.14)):
index/D(ω) =
∫
M
exp
[
1
2
tr log
(
iR/4π
sinh(iR/4π)
)]
, Rmn =
1
2
Rmnab(ω) e
a ∧ eb . (4.22)
This is the well-known form of Dirac index on the Riemannian manifoldM. The integrand is called
the (Dirac) Aˆ-genus.
4.2.2 Torsional manifold
This case is still simple. Since there does not exist an interaction term with single quantum fermion,
all the Feynman amplitudes are of order in (β~)k, where k is a non-negative integer. Thus, since we
are interested only in the amplitudes of order in (β~)0 which remain in the vanishing limit β → 0, we
can neglect the last term in (4.6b) which yields graphs of higher order in β~. We can also neglect the
interaction terms including more than three quantum fields which yieldmore than two-loops graphs.
Thus we truncate S
(int)
1,H carrying only two bosonic and fermionic quantum fields to
−1
~
S
(int)
1,H = −
1
2β~
R(+)mn
∫ 0
−1
dτ qmq˙n , (4.23a)
where we used (4.11) with dH = 0 and
R(+)mn ≡
1
2
Rmnab(ω+(x0))ψ
a
1,bgψ
b
1,bg . (4.23b)
The effective action, or the functional integral of the connected graphs are given in terms of (4.12):
−1
~
WH =
∞∑
N=1
1
N !
〈〈(
− 1
~
S
(int)
1
)N〉〉
=
∞∑
N=1
1
N !
(
− 1
2β~
)N〈〈(
R(+)mn
∫ 0
−1
dτ qmq˙n
)N〉〉
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=∞∑
N=1
1
N !
(
− 1
2β~
)N
R(+)m1n1 · · ·R(+)mNnN
∫ 0
−1
dτ1 · · · dτN
〈〈
(qm1 q˙n1)(τ1) · · · (qmN q˙nN )(τN )
〉〉
,
(4.24)
where we abbreviated ψa1,qu ≡ ψa. This is exactly same equation as (4.17) except for the Riemann
curvature tensors. Then, after the rescaling of the background fermion fields, the result is given by
(4.21) in the following way:
index/D(ωˆ) =
∫
dDx0
√
g(x0)
D∏
a=1
dψa1,bg exp
[
1
2
tr log
( −iR(+)/4π
sinh(−iR(+)/4π)
)]
, (4.25a)
tr(Rk(+)) = R
(+)
m1n1R
(+)
m2n2 · · ·R(+)mknk gn1m2gn2m3 · · · gnkm1 , (4.25b)
R(+)mn ≡
1
2
Rmnab(ω+(x0))ψ
a
1,bgψ
b
1,bg . (4.25c)
The most significant point is that we obtained the same result which appears in the Mavromatos’
work [20, 21, 22]. This is exactly same equation as (4.17) except for the Riemann curvature tensors.
Then, after the rescaling of the background fermion fields, the result is given in the following way:
Finally, let us integrate the background fermion ψa1,bg of (4.25) in the same analogy as (4.22):
index/D(ωˆ) =
∫
exp
[
1
2
tr log
( iR(+)/4π
sinh(iR(+)/4π)
)]
, (4.26a)
tr(Rk(+)) = R
(+)
m1n1R
(+)
m2n2 · · ·R(+)mknk gn1m2gn2m3 · · · gnkm1 , (4.26b)
R(+)mn ≡
1
2
Rmnab(ω+)e
a ∧ eb . (4.26c)
5 N = 1 quantum mechanics for internal gauge symmetry
In this section we will focus on the gauge field and the invariant polynomial derived from the path
integral. The transition element is described in terms of the quantum Hamiltonian in (2.6). Since
the cˆ-ghost field in (2.6) are independent of the other fields, the path integral of this cˆ-ghost can be
evaluated on a flat geometry and can be applied to an arbitrary curved manifold. Thus let us first
formulate the path integral of this ghost field on a flat geometry, and we apply this result on the
computation on a generic curved geometry. Here we again follow the convention in [26].
5.1 Formulation
The Dirac index is given by the Witten index in a following way:
index/D(ωˆ, A) ≡ lim
β→0
Tr′
{
(−1)F e−β~ cH 1H} = lim
β→0
(−i)D/2
2D/2
Tr
D∏
a=1
(
ϕ̂a + ϕ̂a
)
Pgh e
−β
~
cH 1
H , (5.1a)
22
Pgh ≡ : x e−x : , x ≡ cˆ†i cˆi , (5.1b)
where we expressed the trace with prime in order to evaluate the trace only over the one-particle
ghost sector. We also introduce the one-particle ghost “projection operator” Pgh instead of the trace
with prime. We should also define the completeness relation of the fermionic states as
Igh ≡
∫ dimR∏
i=1
dηi,ghdη
i
gh | ηgh 〉 e−ηgh·ηgh〈 ηgh | , If ≡
∫ D∏
a=1
dηa,fdη
a
f | ηf 〉 e−ηf ·ηf 〈 ηf | . (5.2)
The trace formulae for the ghost and physical fermionic states are also independently defined by
trghO ≡
∫ dimR∏
i=1
dχighdχi,gh e
χgh·χgh〈χgh |O|χgh 〉 , trfO ≡
∫ D∏
a=1
dχaf dχa,f e
χf ·χf 〈χf |O|χf 〉 .
(5.3)
In a usual case this trace formula gives the anti-periodic boundary condition on the fermion. The
fermion number operator (−1)F , which acts on the physical fermion states, flips the condition to the
periodic boundary condition (see section 2.4 in [26]). By using these formulae, we rewrite the Dirac
index given by (5.1):
index/D(ωˆ, A) = lim
β→0
(−i)D/2
2D/2
∫
dDx0
√
g(x0)
× trf trgh
〈
x0, χgh, χf
∣∣ D∏
a=1
(
ϕ̂a + ϕ̂a
)
PghIghIf e
−β
~
cH 1
H
∣∣ x0, χf , χgh 〉 . (5.4)
Of course the ghost Hilbert space and the physical fermion Hilbert space are independent of each
other. Then these completeness relation act on the individual spaces without any interruption. Now
let us evaluate the trace in the ghost sector:
trgh〈χgh |PghIghe−
β
~
cH 1
H |χgh 〉
=
∫ ∏
i
dχighdχi,gh e
χgh·χgh
∏
j
dηj,ghdη
j
gh e
−ηgh·ηgh 〈χgh |Pgh| ηgh 〉〈 ηgh |e−
β
~
cH 1
H |χgh 〉 . (5.5)
Since Pgh =: xe
−x : projects the ghost coherent state | ηgh 〉 onto its one-particle part Pgh| ηgh 〉 =
c†iη
i
gh| 0 〉, the matrix element of the ghost projection operator Pgh is easily computed and yields
〈χgh |Pgh| ηgh 〉 =
dimR∑
i=1
χi,gh η
i
gh = χgh · ηgh . (5.6)
Then we can integrate out the ghost variables ηigh and χi,gh and define a new kind of projection
operator in the following way:∫ ∏
i
dηighdχi,gh e
χgh·χgh−ηgh·ηgh 〈χgh |Pgh| ηgh 〉 =
dimR∑
i=1
∏
ℓ 6=i
(
ηℓ,ghχ
ℓ
gh
)
≡ P ghη,χ . (5.7)
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This operator annihilates all terms containing more than two ghost fields ηgh and χgh. Because of this
we interpret this operator as a kind of “projection operator” onto terms which are linear in ηgh and
χgh, and onto terms independent of any ghost fields.
By using (4.5), (5.7) and (3.22), and rescaling physical fermions as ψa1 → (β~)−
1
2ψa1 , while keeping
the scale of the ghost fields unchanged, we can evaluate the Dirac index (5.1):
index/D(ωˆ, A) = lim
β→0
(−i)D/2
(2π)D/2
∫
dDx0
√
g(x0)
dimR∏
i=1
dχighdηi,gh P
gh
η,χ e
ηgh·χgh
D∏
a=1
dψa1,bg
〈
e−
1
~
S
(int)
1,H
〉
,
(5.8a)
−1
~
S
(int)
1,H = −
1
2β~
∫ 0
−1
dτ
{
gmn(x)− gmn(x0)
}(
q˙mq˙n + bmcn + aman
)
− 1
2β~
∫ 0
−1
dτ q˙mω−mab(x)ψ
ab
1 −
β~
8
∫ 0
−1
dτ G1(x)
−
∫ 0
−1
dτ q˙mAαm(x)
(
ξgh Tα ξgh
)
+
1
2
∫ 0
−1
dτ Fαab(x) ψ
a
1ψ
b
1
(
ξgh Tα ξgh
)
, (5.8b)
with x = x0 + q and the boundary conditions q
m(−1) = qm(0) = 0, ∫ 0−1 dτ qm(τ) = 0, and
ψa1,qu(−1) =
1√
2
ξaqu(−1) , ψa1,qu(0) =
1√
2
ξaqu(0) , cˆ
i
qu(−1) = cˆ†i,qu(0) = 0 . (5.9)
In addition we can rewrite the expansion of gauge field in such a way as
∂nA
α
m(x0)
∫ 0
−1
dτ q˙mqn = −1
2
(
∂mA
α
n(x0)− ∂nAαm(x0)
) ∫ 0
−1
dτ q˙mqn
=
1
2
[
Fαmn(x0)− fαβγ Aβm(x0)Aγn(x0)
] ∫ 0
−1
dτ qmq˙n
≡ 1
2
Fαmn(x0)
∫ 0
−1
dτ qmq˙n , (5.10a)
Fαmn(x0) = ∂mA
α
n(x0)− ∂nAαm(x0) + fαβγ Aβm(x0)Aγn(x0) , (5.10b)
where Fαmn is the field strength of the gauge field and f
α
βγ is the structure constant of the gauge
group. Notice that the ghost fermions ξgh and ξgh obey the anti-periodic boundary condition, while
the physical fermions ξf and ξf follow the periodic boundary condition because of the insertion of
(−1)F . This indicates that any closed-loop graphs of the ghost fields yield zero amplitudes and
that only tree graphs contribute to non-vanishing amplitudes. Because of this, disconnected graphs
with respect to the cˆ-ghost amplitudes does not appear in this path integral transition element. This
statement is quite strong.
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5.2 Chern character
5.2.1 Chern character on flat geometry withoutH-flux
Let us first consider the simplest system on a flat geometry with vanishing flux H = dH = 0. In this
case there are no (background) interaction terms which carries negative powers of β~, contractions
of any physical fields qm and ψa1,qu become irrelevant under the vanishing limit β → 0. Then we can
neglect the term linear in Aαm(x0 + q) and the path integral (5.8) is reduced to
index/D(A) = lim
β→0
(−i)D/2
(2π)D/2
∫
dDx0
dimR∏
i=1
dχighdηi,gh P
gh
η,χ e
ηgh·χgh
D∏
a=1
dψa1,bg
〈
e−
1
~
S
(int)
1,H
〉
, (5.11a)
−1
~
S
(int)
1,H = (F (x0))
i
j
∫ 0
−1
dτ
(
ξgh + cˆ
†
qu(τ)
)
i
(
ξgh + cˆqu(τ)
)j
, (5.11b)
where (F (x0))
i
j =
1
2F
α
ab(x0)ψ
ab
1,bg(Tα)
i
j . As we mentioned before, we only analyze the ghost tree
graphs via the expansion of the above form:〈
exp
(
F ij
∫ 0
−1
dτ
(
ξgh + cˆ
†
qu(τ)
)
i
(
ξgh + cˆqu(τ)
)j)〉
= 1 +
∞∑
k=1
1
k!
ηj,gh
(
F k
)j
l χ
l
gh
[
k!
∫ 0
−1
dσ1 · · · dσk θ(σ1 − σ2) θ(σ2 − σ3) · · · θ(σk−1 − σk)
]
= 1 +
∞∑
k=1
1
k!
ηj,gh
(
F k
)j
l χ
l
gh . (5.12)
Note that the factor k! in the square bracket in the second line is due to the fact that we can order the
k vertices into a tree in k! ways. We also used the following integral:∫ 0
−1
dσ1 · · · dσk θ(σ1 − σ2) θ(σ2 − σ3) · · · θ(σk−1 − σk) = 1
k!
. (5.13)
Integral of the ghost fields of (5.12) gives the following simple result:∫ dimR∏
i=1
dχighdηi,gh P
gh
η,χ e
ηgh·χgh
〈
exp
(
F ij
∫ 0
−1
dτ
(
ξgh + cˆ
†
qu(τ)
)
i
(
ξgh + cˆqu(τ)
)j)〉
=
∫ dimR∏
i=1
dχighdηi,gh P
gh
η,χ e
ηgh·χgh
(
1 +
∞∑
k=1
1
k!
ηj,gh
(
F k
)j
l χ
l
gh
)
=
dimR∑
j=1
[
δjj +
∞∑
k=1
1
k!
(
F k
)j
j
]
=
dimR∑
i=1
exp
(
F
)i
i ≡ TrR exp
(
F
)
, (5.14)
where the symbol TrR denotes the trace in the R representation of the gauge group. Summarizing
the integral and rescaling the background fermion in such a way as ψa1,bg →
√
−i
2πψ
a
1,bg, we obtain
index/D(A) =
∫
dDx0
D∏
a=1
dψa1,bgTrR exp
(
− i
2π
F
)
, F =
1
2
Fαab(x0)ψ
a
1,bgψ
b
1,bg Tα . (5.15)
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This is nothing but the Chern character of the gauge fields Aαm. When we explicitly calculate, we
should use the formulae (4.13). In the same way as (4.22), let us integrate the background fermions
with respect to (4.13) and obtain
index/D(A) =
∫
M
TrR exp
( i
2π
F
)
, F =
1
2
Fab e
a ∧ eb = dA+A ∧A . (5.16)
5.2.2 Torsional manifold
Let us easily generalize the equation (5.15) to the one on a curved manifold M (in the presence of
torsion H). Since the Hilbert spaces of the physical states and the cˆ-ghost states are independent
of each other, the functional integrals of the Dirac index are also performed independently. Then,
combining the functional integral of the physical field sector (4.21) and the functional integral of the
cˆ-ghost sector (5.15), we obtain the Dirac index in the following representation:
index/D(ωˆ, A) =
∫
M
exp
[
1
2
tr log
(
iR(+)/4π
sinh(iR(+)/4π)
)]
TrR exp
( i
2π
F
)
, (5.17a)
R(+)mn = Rmnab(ω+) e
a ∧ eb , F = 1
2
Fab e
a ∧ eb . (5.17b)
The index on a Riemannian manifold without torsion can be easily obtained when we chooseH = 0
in this form.
6 Witten index in N = 2 quantum mechanics
In this section let us analyze the Euler characteristics on the manifold with torsion H . In the case of
vanishing torsion, we will find a form of the Gauss-Bonnet theorem.
6.1 Formulation
The Euler characteristics χ on the target space geometry can also be expressed in terms of the N = 2
supersymmetric quantum mechanics (see section 14.3 in [19])
χ ≡ lim
β→0
Tr
{
Γ(5)Γ˜(5)e
−βR
}
= lim
β→0
Tr
D∏
a=1
(
ϕ̂a + ϕ̂a
) D∏
b=1
(
ϕ̂b − ϕ̂b) e−β~ cH . (6.1)
The chirality operators Γ(5) and Γ˜(5) are given in terms of Γ
a =
√
2ψ̂a1 and Γ˜
a =
√
2ψ̂a2 , respectively:
Γ(5) ≡ (−i)D/2Γ1 · · ·ΓD = (−i)D/22D/2ψ̂11 · · · ψ̂D1 = (−i)D/2
D∏
a=1
(
ϕ̂a + ϕ̂a
)
, (6.2a)
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Γ˜(5) ≡ (−i)D/2Γ˜1 · · · Γ˜D = (−i)D/22D/2ψ̂12 · · · ψ̂D2 = (−i)D/2(−i)D
D∏
a=1
(
ϕ̂a − ϕ̂a) . (6.2b)
Notice that since the non-trivial values are given when D is even number, we find (−i)2D = 1. Then
we formulate the Euler characteristic in terms of the transition element and effective action (where
x = x0 + q):
χ = lim
β→0
∫
dDx0
√
g(x0)
D∏
a=1
(
dηadη
adζadζadλadλ
a
)
eζζ e−λλ e−ηη
× 〈 ζ |
D∏
b=1
(
ϕ̂b + ϕ̂b
)|λ 〉〈λ | D∏
c=1
(
ϕ̂c − ϕ̂c)| η 〉〈x0, η | exp(− β
~
ĤH
)
|x0, ζ 〉 , (6.3a)
〈x0, η | exp
(
− β
~
ĤH
)
|x0, ζ 〉 = 1
(2πβ~)D/2
eηζ
〈
exp
(
− 1
~
S
(int)
H
)〉
, (6.3b)
−1
~
S
(int)
H = −
1
β~
∫ 0
−1
dτ
1
2
[
gmn(x)− gmn(x0)
](
q˙mq˙n + bmcn + aman
)
−
∫ 0
−1
dτ q˙m
(
ωmab(x)
(
η + ξqu
)a(
ζ + ξqu
)b − 1
2
Hmab(x)
{(
ζ + ξqu
)ab
+
(
η + ξqu
)ab})
+
β~
2
∫ 0
−1
dτ Rcdab(ω(x)) (ζ + ξqu)
a(η + ξqu)
b(ζ + ξqu)
c(η + ξqu)
d
− β~
8
∫ 0
−1
dτ Habe(x)Hcd
e(x)
{
(ζ + ξqu)
abcd + (η + ξqu)
abcd − 2(ζ + ξqu)ab(η + ξqu)cd
}
− β~
6
∫ 0
−1
dτ ∂m(Hnpq(x))
{
(η + ξqu)
m(ζ + ξqu)
npq + (ζ + ξqu)
m(η + ξqu)
npq
}
− β~
8
∫ 0
−1
dτ G2(x) , (6.3c)
where the functional G2(x) is given in (3.20d). Now let us analyze fermionic measure in the form
(6.3). The effective action S(int) contains ξa and ξa whose boundaries are ζ and η, respectively, and η,
ζ and λ, λ do not appear in S(int). Then let us rewrite the path integral measure with fermions:∏
a
dηadη
a dζadζa dλadλ
a =
∏
a
(
dηadζ
a
)(
dλadη
a
)(
dζadλ
a
)
=
∏
a
(
dηadζ
a
)(
2Dd(λ+ η)ad(η − λ)a
)(
2Dd(ζ + λ)ad(λ− ζ)a
)
, (6.4a)
wherewe implicitly used the orderings of dη and dζ (3.5). Under the integral with
∏
b(λ
b+ζb)
∏
c(η
b−
λb)which can be regarded as the fermionic delta functions, we can see ζ = −λ and η = λ. Then, after
a tedious computation, we obtain∫ ∏
a
dηadη
a dζadζa dλadλ
a eζζ−λλ−ηη+ζλ+λη+ηζ
∏
b
(
λb + ζb
)∏
c
(
ηb − λb) = ∫ ∏
a
dηadζ
a , (6.4b)
where we used the fermionic delta functions:∫ ∏
a
d(ζ + η)a
∏
b
(ηb + ζb) = 1 , (−1)D
∫ D∏
a=1
dζ e−ζ(η−ζ) =
D∏
a=1
(
ηa − ζa) . (6.4c)
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Then we rescale the fermion to remove the β~ dependence on the measure in such a way as
1
(β~)D/2
D∏
a=1
dηadζ
a ≡
D∏
a=1
dη′adζ
′a , ξa ≡ (β~)− 14 ξ′a . (6.5)
Then the rescaled S(int) is given by (where we omit the prime symbol)
−1
~
S(int) = − 1
β~
∫ 0
−1
dτ
1
2
[
gmn(x)− gmn(x0)
](
q˙mq˙n + bmcn + aman
)
− 1√
β~
∫ 0
−1
dτ q˙m
(
ωmab(x)(η + ξqu)
a(ζ + ξqu)
b − 1
2
Hmab(x)
{
(ζ + ξqu)
ab + (η + ξqu)
ab
})
+
1
2
∫ 0
−1
dτ Rcdab(ω(x)) (ζ + ξqu)
a(η + ξqu)
b(ζ + ξqu)
c(η + ξqu)
d
− 1
8
∫ 0
−1
dτ Habe(x)Hcd
e(x)
{
(ζ + ξqu)
abcd + (η + ξqu)
abcd − 2(ζ + ξqu)ab(η + ξqu)cd
}
− 1
6
∫ 0
−1
dτ ∂m(Hnpq(x))
{
(η + ξqu)
m(ζ + ξqu)
npq + (ζ + ξqu)
m(η + ξqu)
npq
}
− β~
8
∫ 0
−1
dτ G2(x) . (6.6)
Notice that the bosonic and fermionic propagators are now proportional to β~ and
√
β~, respectively
(we have also rescaled the fermion propagator):〈
qm(σ)qn(τ)
〉
= −β~ gmn(z)∆(σ, τ) , (6.7a)〈
ξaqu(σ)ξ
b
qu(τ)
〉
=
√
β~ δab θ(σ − τ) . (6.7b)
Then we easily find that each contraction among quantum fields yields Feynman graphs of higher
order in β~, which goes to zero in the limit β~→ 0. Only the interaction terms given by background
fields xm0 , ζ
a and ηa are independent of β and they give rise to the relevant Feynman graphs. Then,
we can truncate S(int) in order to obtain the Euler characteristics on the D-dimensional geometryM
in the path integral formalism:
χ(M) = 1
(2π)D/2
∫
M
dDx0
√
g(x0)
D∏
a=1
dηadζ
a
〈
e−
1
~
S(int)
〉
, (6.8a)
−1
~
S(int) = −1
4
Rabcd(ω(x0)) ζ
abηcd − 1
6
∂a(Hbcd)(x0)
(
ηaζbcd + ζaηbcd
)
, (6.8b)
where we used Habc(x0) = 0, Rcdab(ω) = Rabcd(ω) and the second Bianchi identity Rabcd(ω) +
Racdb(ω) + Radbc(ω) = 0 without torsion: Rabcd(ω) ζ
aηbζcηd = −12Rabcd(ω) ζabηcd. Since there exist
only background fields, we do not have to introduce quantum propagators to contract interaction
terms. The Feynman amplitude of the path integral is given only by the expansion of exp(− 1
~
S(int))
with noticing that the number of ζ should be equal to the number of η to saturate the fermionic path
integral measure. Since each term in (6.8b) carries even number of background fermions ζ and η, the
path integral with D = 2n+ 1 becomes trivial.
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Next let us investigate the formulation in various geometries in diverse dimensions. We can easily
find that the second and the third terms do not contribute to the Feynman graphs in the case ofD = 2.
This is consistent with the fact there does not exist a totally antisymmetric torsion in two-dimensional
geometry.
6.2 Euler characteristics
Next let us investigate the formulation in various geometries in diverse dimensions. We can easily
find that the second and the third terms do not contribute to the Feynman graphs in the case ofD = 2.
This is consistent with the fact there does not exist a totally antisymmetric torsion in two-dimensional
geometry.
6.2.1 Riemannian manifold
It is worth reviewing the case of the Riemannian manifold without torsion. The action is given as
−1
~
S(int) = −1
4
Rabcd(ω) ζ
abηcd , (6.9)
Then the path integral formulation is described in the following way:
χ(M) = 1
(2π)D/2
∫
M
dDx0
√
g(x0)
D∏
a=1
dηadζa exp
(
− 1
4
Rabcd(ω) ζ
abηcd
)
=
1
(8π)nn!
Ea1···a2nEb1···b2n
∫
M
d2nx0
√
g(x0)
(
Ra1a2 b1b2(ω) · · ·Ra2n−1a2nb2n−1b2n(ω)
)
=
1
(4π)nn!
Ea1···a2n
∫
M
Ra1a2(ω) ∧ · · · ∧Ra2n−1a2n(ω) , (6.10)
where we used the formulae in Euclidean space:
d2nx0
√
g(x0) Eb1···b2n = eb1 ∧ · · · ∧ eb2n , Rab(ω) = 1
2
Rabcd(ω) e
c ∧ ed . (6.11)
Non-trivial value of χ(M) is given only when D = 2n = 2k and all indices of totally antisymmetric
tensor Eabcd··· are the frame (local Lorentz) indices with Euclidean signature. Then we do not mind
the positions of the indices3. We also used the following formulae in the same way as (4.14):∫
dζ1 · · · dζ2n ζ1···2n = (−1)n ,
∫
dη2n · · · dη1 η12···2n = 1 . (6.12)
3In the case of curved indices, the positions of indices are quite important we should really mind whether εmnpq··· is a
tensor or a tensor density. In the case of frame coordinate indices, the weight
p
g(x0) does not appear.
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6.2.2 Torsional manifold
In this case we should analyze the full action in (6.8b):
−1
~
S(int) = −1
4
Rabcd(ω) ζ
abηcd − 1
6
∂a(Hbcd)
(
ηaζbcd + ζaηbcd
)
. (6.13)
We omitted the argument x0. In the same as the analysis on the Riemannian manifold, we can only
investigate the case D = 2n, i.e., the case of the even-dimensional manifolds. The expectation value
of the exponent is
〈
e−
1
~
S(int)
〉
= exp
(
− 1
4
Rabcd(ω) ζ
abηcd − 1
6
∂a(Hbcd)
(
ηaζbcd + ζaηbcd
))
= exp
(
− 1
4
Rabcd(ω) ζ
abηcd
)
exp
(
− 1
6
∂a(Hbcd) η
aζbcd
)
exp
(
− 1
6
∂a(Hbcd) ζ
aηbcd
)
.
(6.14)
Since the path integral measure in (6.8) requires that the number of the background fermions ζ should
be equal to the number of η, the third exponent in (6.14) should be contracted only with the second
exponent. The second and the third exponents cannot be contracted with the first exponent. Then
(6.14) is truncated to
〈
e−
1
~
S(int)
〉 ∼ ∑
k+2ℓ=n
1
k!ℓ!ℓ!
(
− 1
4
Rabcd(ω) ζ
abηcd
)k(
− 1
6
∂a(Hbcd) η
aζbcd
)ℓ(
− 1
6
∂a(Hbcd) ζ
aηbcd
)ℓ
=
∑
k+2ℓ=n
22ℓ
32ℓk!ℓ!ℓ!
(
− 1
4
)n(
Ra1a2b1b1 · · ·Ra2k−1a2kb2k−1b2k
)
×
(
∂c1(Hd1d2d3) · · · ∂cℓ(Hd3ℓ−2d3ℓ−1d3ℓ)
)(
∂e1(Hf1f2f3) · · · ∂eℓ(Hf3ℓ−2f3ℓ−1f3ℓ)
)
× ζa1···a2kc1···cℓf1···f3ℓηb1···b2kd1···dℓe1···e3ℓ
=
∑
k+2ℓ=n
22ℓ
32ℓk!ℓ!ℓ!
(
− 1
4
)n Ea1···a2kc1···cℓf1···f3ℓEb1···b2kd1···dℓe1···e3ℓ ζ1···2n η1···2n
×
(
Ra1a2b1b1 · · ·Ra2k−1a2kb2k−1b2k
)(
∂c1(Hd1d2d3) · · · ∂cℓ(Hd3ℓ−2d3ℓ−1d3ℓ)
)
×
(
∂e1(Hf1f2f3) · · · ∂eℓ(Hf3ℓ−2f3ℓ−1f3ℓ)
)
(6.15)
Substituting this into (6.8), we obtain
χ(M) = 1
(8π)n
∑
k+2ℓ=n
22ℓ
32ℓk!ℓ!ℓ!
Ea1···a2kc1···cℓf1···f3ℓEb1···b2kd1···dℓe1···e3ℓ
×
∫
M
d2nx0
√
g(x0)
(
Ra1a2b1b1 · · ·Ra2k−1a2kb2k−1b2k
)
×
(
∂c1(Hd1d2d3) · · · ∂cℓ(Hd3ℓ−2d3ℓ−1d3ℓ)
)(
∂e1(Hf1f2f3) · · · ∂eℓ(Hf3ℓ−2f3ℓ−1f3ℓ)
)
.
(6.16)
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Fortunately, we can furthermore reduce the above representation by using the second Bianchi identity
of the Riemann tensor (A.6b) and the closed condition dH = 0. For simplicity, let us analyze the case
k = 1, ℓ = 2, from which we can read a general statement:
Ea1a2c1c2f1···f6Eb1b2d1d2e1···e6
∫
d2nx0
√
g(x0)Ra1a2b1b1∂c1(Hd1d2d3)∂c2(Hd4d5d6)∂e1(Hf1f2f3)∂e2(Hf4f5f6)
= Ea1···f6Eb1···e6
∫
d2nx0∂c1
(
all terms
)
− Ea1···f6Eb1···e6
∫
d2nx0
√
g(x0)∂c1
{
Ra1a2b1b1
}
(Hd1d2d3)∂c2(Hd4d5d6)∂e1(Hf1f2f3)∂e2(Hf4f5f6)
− Ea1···f6Eb1···e6
∫
d2nx0
√
g(x0)Ra1a2b1b1(Hd1d2d3)
{
∂c1∂c2(Hd4d5d6)
}
∂e1(Hf1f2f3)∂e2(Hf4f5f6)
− Ea1···f6Eb1···e6
∫
d2nx0
√
g(x0)Ra1a2b1b1(Hd1d2d3)∂c2(Hd4d5d6)∂c1
{
∂e1(Hf1f2f3)∂e2(Hf4f5f6)
}
.
(6.17)
The first term in (6.17) vanishes if there are no boundaries on the manifold. The second term also
vanishes via the second Bianchi identity (A.6b). The third term is zero because the derivatives are
symmetric, while the indices are anti-symmetric under the existence of Ea1···f6 . The fourth term also
vanishes because the closed condition dH = 0 appears as Ea1···f6∂c1(Hf1f2f3) = 0. Other derivatives
also yield the same result. Thus we find that the second and the third exponents in (6.14) should not
contribute to the Euler characteristics and we can set ℓ = 0. We conclude that the Euler characteristics
on the torsional manifold without boundary is equal to the ones on the Riemannian manifold (6.10):
χ(M) = 1
(8π)nn!
Ea1···a2nEb1···b2n
∫
M
d2nx0
√
g(x0)
(
Ra1a2b1b1 · · ·Ra2n−1a2nb2n−1b2n
)
=
1
(4π)nn!
Ea1···a2n
∫
M
Ra1a2(ω) ∧ · · · ∧Ra2n−1a2n(ω) . (6.18)
7 Witten index in N = 2 quantum mechanics II
Finally we will discuss the derivation of the Hirzebruch signature on a torsional manifold in the path
integral formalism. We also use theN = 2 supersymmetric quantummechanical path integral, while
we only insert Γ(5) into the transition element instead of the insertion Γ(5)Γ˜(5) in the case of the Euler
characteristics. We review the derivation of the signature on the Riemannian manifold. Next we
discuss the analysis of the signature on a torsional manifold in the same strategy.
7.1 Formulation
As mentioned in the introduction, the Hirzebruch signature is a topological invariant which gives
the difference between the number of self-dual forms and the number of anti-self-dual forms on the
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manifold. Since we analyze the difference of the forms, we analyze another Witten index defined in
the N = 2 supersymmetric quantum mechanics in the following form (see section 14.3 in [19]):
σ ≡ lim
β→0
Tr
{
Γ(5)e
−βR
}
= lim
β→0
(−i)D/2Tr
D∏
a=1
(
ϕ̂a + ϕ̂a
)
e−
β
~
cH . (7.1)
Here we did not insert 2−D/2 because in this systemψa2 is also dynamical. The chirality operators Γ(5)
is again given in terms of the operators ψ̂a1 :
Γ(5) ≡ (−i)D/2Γ1 · · ·ΓD = (−i)D/22D/2ψ̂11 · · · ψ̂D1 = (−i)D/2
D∏
a=1
(
ϕ̂a + ϕ̂a
)
. (7.2)
Notice that since the non-trivial values are given when D is even number, we find (−i)2D = 1. In
addition, we prepare the trace formula and the complete set of the fermion coherent states (3.5).
We obtain the explicit expression of the topological invariants with respect to the N = 2 quantum
mechanical path integral in the same way as (6.3):
σ = lim
β→0
(−i)D/2
(2πβ~)D/2
∫
dDx0
√
g(x0)
D∏
a=1
(
dηadη
a dζadζa
)
× eζζ+ζη−ηη+ηζ
∏
b
(
ηb + ζb
)〈
exp
(
− 1
~
S
(int)
H
)〉
, (7.3)
where S(int) in (7.3) is also given by (6.3c) which appeared in the previous subsection. Now let us
consider the fermionic measure in this path integral form. In the same way as the Dirac index, we
obtain ∫ ∏
a
dηadη
adζadζa e
ζζ+ζη−ηη+ηζ
∏
b
(ηb + ζb)
= (−2)D
∫ ∏
a
dηadζ
a d(ζ + η)ad(η − ζ)a e− 12 (η−ζ)(ζ−η)
∏
b
(ηb + ζb)
=
∫ ∏
a
dηadζ
a
∏
b
(ζb − ηb) . (7.4)
This measure gives the fermionic delta function which indicates the coincidence of the background
fermions ζa = ηa: ∫ ∏
a
dηa
∏
b
(ζb − ηb) f(η) = f(ζ) . (7.5)
To remove the β dependence in the path integral measure, we rescale the fermion
1
(β~)D/2
∫ ∏
a
dηadζ
a
∏
b
(ζb − ηb) ≡
∫ ∏
a
dη′adζ
′a
∏
b
(ζ ′b − η′b) , (7.6a)
ηa ≡
( 1
β~
)1/2
η′a , ζa ≡
( 1
β~
)1/2
ζ ′a . (7.6b)
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Then the rescaled S(int) (3.20c) in the path integral is given by (where we omit the prime symbol)
σ = lim
β→0
(−i)D/2
(2π)D/2
∫
dDx0
√
g(x0)
D∏
a=1
dηadζ
a
D∏
b=1
(ζb − ηb)
〈
exp
(
− 1
~
S
(int)
H
)〉
, (7.7a)
−1
~
S
(int)
H = −
1
β~
∫ 0
−1
dτ
1
2
[
gmn(x)− gmn(x0)
](
q˙mq˙n + bmcn + aman
)
− 1
β~
∫ 0
−1
dτ q˙m
(
ωmab(x)
(
η + ξqu
)a(
ζ + ξqu
)b − 1
2
Hmab(x)
{(
ζ + ξqu
)ab
+
(
η + ξqu
)ab})
+
1
2β~
∫ 0
−1
dτ Rcdab(ω(x)) (ζ + ξqu)
a(η + ξqu)
b(ζ + ξqu)
c(η + ξqu)
d
− 1
8β~
∫ 0
−1
dτ HabeHcd
e(x)
{
(ζ + ξqu)
abcd + (η + ξqu)
abcd − 2(ζ + ξqu)ab(η + ξqu)cd
}
− 1
6β~
∫ 0
−1
dτ ∂m(Hnpq)(x)
{
(η + ξqu)
m(ζ + ξqu)
npq + (ζ + ξqu)
m(η + ξqu)
npq
}
− β~
8
∫ 0
−1
dτ G2(x) . (7.7b)
The bosonic and fermionic propagators are of order in β~. Let us truncate this action. In the same
analogy to the Dirac index, disconnected Feynman graphs might contribute to the amplitude. In the
same way as previous case, the fermion propagator is given by
〈
ξaqu(σ)ξ
b
qu(τ)
〉
= β~ δabθ(σ − τ) . (7.8)
7.2 Hirzebruch signature
7.2.1 Riemannian manifold
This case is quite simple. Since there are no background interaction terms of order in (β~)−1 which
contribute to the disconnected graphs, we only consider one-loop Feynman graphs. Then, we ne-
glect interaction terms carrying more than three quantum fields. We can also neglect the last line in
(7.7b) which yields the graphs of higher order in β~. We also use the condition by Riemann normal
coordinate frame ∂pgmn(x0) = ωmab(x0) = 0 at the point x0. We can further neglect interaction terms
which are irrelevant in the vanishing limit β → 0. By using the Riemann normal coordinates on the
second line in (7.7b), the fermionic delta function (7.4) and the first Bianchi identity (A.6a) acting on
the fourth line in (7.7b), we obtain a much simpler expression of the Hirzebruch signature:
σ = lim
β→0
(−i)D/2
(2π)D/2
∫
dDx0
√
g(x0)
D∏
a=1
dζa
〈
exp
(
− 1
~
S(int)
)〉
, (7.9a)
−1
~
S(int) = − 1
2β~
Rmnab(ω(x0)) ζ
ab
∫ 0
−1
dτ qmq˙n
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+
1
2β~
Rabcd(ω(x0)) ζ
ab
(
− 1
2
∫ 0
−1
dτ ξcquξ
d
qu −
1
2
∫ 0
−1
dτ ξcquξ
d
qu +
∫ 0
−1
dτ ξcquξ
d
qu
)
. (7.9b)
We should notice that the fermionic fields in the above path integral have anti-periodic boundary
condition. Originally the fermionic fields are introduced as the fields with anti-periodic boundary
condition (see the discussion in section 2.4 of [26]), which is changed by the insertion of operators.
Now, in the form (7.9) there are no additional operator insertions in the path integral measure. Thus
the fermions in (7.9) keep the anti-periodic boundary condition.
We can easily find that the Feynman graphs will be described as the trace of Riemann curvature
two-form in the same way as the Pontrjagin classes. Here let us remember a property that the trace
of odd number of Riemann curvature two-form vanishes tr(R2k−1) = 0. On the other hand, the
Feynman one-loop graph which contains all of three interaction terms in the second line in (7.9b)
always has odd number of the interaction vertices. This indicates that the third interaction term in
the second line ξcquξ
d
qu should not be connected to the other two interactions (ξ
c
quξ
d
qu and ξ
c
quξ
d
qu) in
the graphs. These other two terms should be connected to each other. Furthermore, because of the
anti-periodicity of the fermions, we also find that the closed loop graphs which contain only the third
interaction ξcquξ
d
qu vanish in the same reason as the vanishing closed loop graphs of cˆ-ghost in (5.11b),
which also has the anti-periodic boundary condition. The term in the first line exactly gives a same
Feynman graphs as the Pontrjagin classes (4.15). Summarizing these comments, here let us again
describe the action in (7.9):
−1
~
S(int) = − 1
β~
Rmn
∫ 0
−1
dτ qmq˙n − 1
2β~
Rcd
∫ 0
−1
dτ ξcquξ
d
qu −
1
2β~
Rcd
∫ 0
−1
dτ ξcquξ
d
qu
≡ −1
~
Sp − 1
~
S − 1
~
S , (7.10a)
Rcd ≡ 1
2
Rcdab(ω(x0)) ζ
ab =
1
2
Rabcd(ω(x0)) ζ
ab . (7.10b)
Let us rewrite the exponent 〈exp(− 1
~
S(int))〉 in terms of the effective actionW in such a way as
−1
~
W = log
〈
exp
(
− 1
~
S(int)
)〉
=
∞∑
k=1
1
k!
〈〈(
− 1
~
S(int)
)k〉〉
∼
∞∑
k=1
1
k!
〈〈(
− 1
~
Sp
)k〉〉
+
∞∑
k=0
1
k!
k!
(k/2)!(k/2)!
〈〈(
− 1
~
S
)k/2(− 1
~
S
)k/2〉〉
=
∞∑
k=1
1
k!
(
− 1
β~
)k
Rm1n1 · · ·Rmknk
∫ 0
−1
dτ1 · · · dτk
〈〈
(qm1 q˙n1)(τ1) · · · (qmk q˙nk)(τk)
〉〉
+
∞∑
ℓ=1
1
ℓ!ℓ!
(
− 1
2β~
)2ℓ
Ra1b1 · · ·RaℓbℓRc1d1 · · ·Rcℓdℓ
∫ 0
−1
dτ1 · · · dτℓ
∫ 0
−1
dσ1 · · · dσℓ
×
〈〈(
ξa1quξ
b1
qu
)
(τ1) · · ·
(
ξaℓquξ
bℓ
qu
)
(τℓ)
(
ξc1quξ
d1
qu
)
(σ1) · · ·
(
ξcℓquξ
dℓ
qu
)
(σℓ)
〉〉
, (7.11)
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where we extracted terms which contribute to the Feynman graphs in the vanishing limit β → 0. The
bracket 〈〈· · ·〉〉 gives connected Feynman graphs. The number of the vertices S should be equal to the
number of the vertices S . Because of this, we find that k should be even: k = 2ℓ.
Since we have already analyzed the first connected graphs in the Pontrjagin classes (4.18), it is
easy to analyze the first term in (7.11):
(1st term) =
∞∑
k=1
1
k!
(
− 1
β~
)k
(k − 1)! 2k−1(− β~)k · Rm1n1Rm2n2 · · ·Rmknk gn1m2gn2m3 · · · gnkm1
×
∫ 0
−1
dτ1 · · · dτk ∂τ1∆(τ1, τ2)∂τ2∆(τ2, τ3) · · · ∂τk−1∆(τk−1, τk)∂τk∆(τk, τ1)
≡ 1
2
∞∑
k=2
1
k
tr
{
(2R)k
}
Ik =
1
2
tr log
( R
sinhR
)
. (7.12a)
Next let us here evaluate the second connected graphs in (7.11). In order to make one-loop graphs, ℓ
vertices S and ℓ vertices S should be alternatively located on the one-loop graph in (ℓ − 1)!ℓ! ways.
Furthermore, there are 22ℓ−1 ways to contract these vertices in terms of fermion propagator (7.8) to
yield the trace of curvature two-forms tr(R2ℓ) with sign (−1)ℓ+1, which comes from permutation of
indices. Then, the effective action (7.11) is evaluated in the following way:
(2nd term) =
∞∑
ℓ=1
1
ℓ!ℓ!
(
− 1
2β~
)2ℓ
(ℓ− 1)!ℓ! 22ℓ−1 (−1)ℓ+1 (β~)2ℓ · tr(R2ℓ)
×
∫ 0
−1
ℓ∏
i=1
dτi dσi θ(τ1 − σ1)θ(τ1 − σℓ) θ(τ2 − σ2)θ(τ2 − σ1) · · · θ(τℓ − σℓ)θ(τℓ − σℓ−1)
≡ 1
2
∞∑
ℓ=1
(−1)ℓ+1
ℓ
tr
(
R2ℓ
)
J2ℓ =
1
2
tr log
(
coshR
)
. (7.13)
The term ℓ = 0 does not contribute to connected graphs because this term does not carry any back-
ground fermions. The function J2ℓ is defined in such a way as
J2ℓ ≡
∫ 0
−1
ℓ∏
i=1
dτi dσi θ(τ1 − σ1)θ(τ1 − σℓ) θ(τ2 − σ2)θ(τ2 − σ1) · · · θ(τℓ − σℓ)θ(τℓ − σℓ−1) . (7.14)
Thus, substituting (7.12a) and (7.13) into (7.11), we obtain
−1
~
W =
1
2
tr log
( R
sinhR
)
+
1
2
tr log
(
coshR
)
=
1
2
tr log
( R
tanhR
)
. (7.15)
Rescaling ζa →
√
−i
2π ζ
a, we finally obtain the Hirzebruch signature on the Riemannian manifold
σ =
∫
dDx0
√
g(x0)
D∏
a=1
dζa exp
[
1
2
tr log
(
−iR/2π
tanh(−iR/2π)
)]
, (7.16)
or, if we integrate out the fermionic fields and using the following formula (in the same way as (6.12)),
we simplify (7.16) and obtain
σ =
∫
M
exp
[
1
2
tr log
(
iR/2π
tanh(iR/2π)
)]
, Rmn =
1
2
Rmnab(ω) e
a ∧ eb . (7.17)
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7.2.2 Torsional manifold
Now let us analyze the signature on the torsional geometry. It seems that the action (7.7b) carries the
background interaction terms of order (β~)−1 in (7.7b), which cause the divergence of the amplitude
in the vanishing limit β → 0. Fortunately, however, the fermionic delta function (7.4) removes this
difficulty:
Rcdab(ω(x0))
{
ζaηbζcηd
}∣∣∣
(7.4)
= R[abcd](ω(x0)) ζ
abcd = 0 , (7.18a)
HeabHcde(x0)
{
ζabcd + ηabcd − 2ζabηcd
}∣∣∣
(7.4)
= 2HeabHcde(x0)
{
ζabcd − ζabcd
}
= 0 , (7.18b)
∂m(Hnpq)(x0)
{
ηmζnpq + ζmηnpq
}∣∣∣
(7.4)
=
1
2
(dH)mnpq(x0) ζ
mnpq = 0 , (7.18c)
where we used the first Bianchi identity (A.6a) and the closed condition dH = 0. Since we find that
there are no background interaction terms with (β~)−1, it is sufficient to investigate the interaction
terms equipped with two quantum fields in order to generate the closed one-loop Feynman graphs.
Here let us study the truncation of the action in (7.7b) with the fermionic delta function (7.4). The
first and the last lines in (7.7b) disappear. The second and the third lines in (7.7b) are truncated to
− 1
β~
∫ 0
−1
dτ q˙m
(
ωmab(x)
(
η + ξqu
)a(
ζ + ξqu
)b − 1
2
Hmab(x)
{(
ζ + ξqu
)ab
+
(
η + ξqu
)ab})∣∣∣∣∣
(7.4)
= − 1
2β~
Rabmn(ω−(x0)) ζ
ab
∫ 0
−1
dτ qmq˙n
= − 1
2β~
Rmnab(ω+(x0)) ζ
ab
∫ 0
−1
dτ qmq˙n , (7.19a)
1
2β~
∫ 0
−1
dτ Rcdab(ω(x)) (ζ + ξqu)
a(η + ξqu)
b(ζ + ξqu)
c(η + ξqu)
d
∣∣∣∣∣
(7.4)
=
1
2β~
Rabcd(ω(x0)) ζ
ab
(
− 1
2
∫ 0
−1
dτ ξcdqu −
1
2
∫ 0
−1
dτ ξcdqu +
∫ 0
−1
dτ ξcquξ
d
qu
)
. (7.19b)
The fourth line in (7.7b) is also truncated to
(fouth line)
∣∣∣
(7.4)
∼ − 1
16β~
∂m∂n(HabeHcd
e(x0))
∫ 0
−1
dτ qmqn
{
ζabcd + ζabcd − 2ζabζcd
}
= 0 . (7.20)
where we usedHmnp(x0) = 0 and ∂mHabc(x0) 6= 0. The fifth line in (7.7b) is more complicated:
(fifth line)
∣∣∣
(7.4)
∼ − 1
6β~
∫ 0
−1
dτ
(
qr∂r∂a(Hbcd(x0))
{
ξaquζ
bcd + 3ζabcξdqu + ξ
a
quζ
bcd + 3ζabcξdqu
}
+ 3∂a(Hbcd(x0))
{
ξaquξ
b
qu ζ
cd + ζabξcdqu + ξ
a
quξ
b
qu ζ
cd + ζabξcdqu
})
∼ − 1
2β~
∂a(Hbcd(x0)) ζ
cd
∫ 0
−1
dτ
(
ξaquξ
b
qu + ξ
a
quξ
b
qu
)
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− 1
2β~
∂a(Hbcd(x0)) ζ
ab
∫ 0
−1
dτ
(
ξcdqu + ξ
cd
qu
)
. (7.21)
Notice that the first line in (7.21) does not contribute to the amplitudes: each term is contracted to
the terms in the same line, which yields zero amplitudes because the background fermionic fields are
anti-symmetric in the amplitudes in such a way as ζabcζdef = −ζdefζabc. Now, we combine (7.19b)
and (7.21) to yield
(7.19b) + (7.21) = − 1
4β~
Rcdab(ω+(x0)) ζ
ab
∫ 0
−1
dτ ξcdqu −
1
4β~
Rcdab(ω+(x0)) ζ
ab
∫ 0
−1
dτ ξcdqu
+
1
2β~
(
Rcdab(ω(x0))− ∂a(Hbcd(x0)) + ∂b(Hacd(x0))
)
ζcd
∫ 0
−1
dτ ξaquξ
b
qu
= − 1
4β~
Rcdab(ω+(x0)) ζ
ab
∫ 0
−1
dτ
{
ξcdqu + ξ
cd
qu
}
+
1
2β~
Rcdab(ω−(x0)) ζ
cd
∫ 0
−1
dτ ξaquξ
b
qu
=
1
2β~
Rabcd(ω+(x0)) ζ
ab
(
− 1
2
∫ 0
−1
dτ ξcdqu −
1
2
∫ 0
−1
dτ ξcdqu +
∫ 0
−1
dτ ξcquξ
d
qu
)
. (7.22)
Then, we rewrite the action (7.7b) by summarizing (7.19a), (7.21) and (7.22) in the following form:
−1
~
S
(int)
H = −
1
2β~
Rmnab(ω+(x0)) ζ
ab
∫ 0
−1
dτ qmq˙n
+
1
2β~
Rabcd(ω+(x0)) ζ
ab
(
− 1
2
∫ 0
−1
dτ ξcquξ
d
qu −
1
2
∫ 0
−1
dτ ξcquξ
d
qu +
∫ 0
−1
dτ ξcquξ
d
qu
)
. (7.23)
This form is exactly same as (7.9b). Then the path integral of (7.23) is also given in the same as (7.16):
σ =
∫
dDx0
√
g(x0)
D∏
a=1
dζa exp
[
1
2
tr log
(
−iR(+)/2π
tanh(−iR(+)/2π)
)]
, (7.24a)
R(+)mn =
1
2
Rmnab(ω+(x0)) ζ
aζb , (7.24b)
or, if we integrate out the fermionic fields and using the following formula (in the same way as (6.12))
∫ D∏
a=1
dζa ζa1···aD =
∫
dζ1dζ2 · · · dζD ζ1ζ2 · · · ζD · Ea1a2···aD = (−1)D/2Ea1a2···aD , (7.25)
we simplify (7.24) and obtain
σ =
∫
exp
[
1
2
tr log
(
iR(+)/2π
tanh(iR(+)/2π)
)]
, (7.26a)
tr(Rk(+)) = R
(+)
m1n1R
(+)
m2n2 · · ·R(+)mknk gn1m2gn2m3 · · · gnkm1 , (7.26b)
R(+)mn =
1
2
Rmnab(ω+(x0)) e
a ∧ eb . (7.26c)
37
8 Summary and discussions
In this paper we have studied various topological invariants on the torsional manifold in the frame-
work of supersymmetric quantum mechanical path integral formalism. First we constructed the
N = 1 supersymmetric quantum mechanics (2.6) whose target space corresponds to the torsional
manifold. We extended this to theN = 2 quantummechanics (2.16) with introducing a closed condi-
tion of the torsion. Next we described the transition elements which appear in the calculation of the
Witten index. Following the work [26], we rewrote the transition elements from the Hamiltonian for-
malism to the Lagrangian formalism (3.20) in the N = 2 case, and (3.22) in the N = 1 case. Since we
have already known these topological invariants on the Riemannian manifold in the framework of
the quantum mechanical path integral, we applied the same formalism to the analyses of the Witten
indices. Then we realized the formulation of the Dirac index on the torsional manifold (5.17) which
have already been investigated by Mavromatos [20], Yajima [21], Peeters and Waldron [22], and so
forth. The point is that we should carefully use the Riemann normal coordinate frame on the spin
connection (and the affine connection) equipped with torsion. We also analyzed the Euler charac-
teristic (6.18) and the Hirzebruch signature (7.26) on the torsional manifold. These modified values
should also be topological invariants because we started from the well-defined supersymmetric alge-
bras (2.1) in theN = 1 case and (2.15) in the N = 2 case, respectively. In these systems we can define
the bosonic and fermionic states whose energy levels are degenerated. We should also find the zero
energy eigenstates, which gives the Witten index as the topological value. We evaluated theseWitten
indices in various supersymmetric systems.
The most significant result in this paper is that the Euler characteristic (6.18) is not modified even
in the presence of torsion, while the Dirac index (5.17) and the Hirzebruch signature (7.26) are. Then
we conclude that if the compactified manifold has the Bismut torsion (1.2d) with the constraint (1.3d)
in string theory compactification scenarios, the numbers of generation in the four-dimensional effec-
tive theory is not changed from the numbers of generation derived from the corresponding Calabi-
Yau manifold without the torsion.
In this paper we imposed the closed condition dH = 0 on the totally anti-symmetric torsion.
Peeters and Waldron [22] have already investigated the Dirac index on a four-dimensional geom-
etry with boundary in the presence of a totally anti-symmetric torsion H , and have discussed the
role of dH in the Feynman graphs. The four-form dH can be described as the Nieh-Yan four-form
N (e,H) = d(eA∧HA), which appears in [32] and is applied to the analysis of the chiral anomaly [33],
and the Dirac index [22]. To complete the analysis of the index theorems on a torsional geometry
in the presence of non-vanishing dH is of particular importance when we study the string theory
compactified on a G-structure manifold [27, 8, 24].
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This four-form dH also appears and plays a crucial role in the anomaly cancellation mechanism
in heterotic string theory (see [34, 19, 26] as instructive references). In the usual anomaly cancellation
in heterotic string, the Bianchi identity of the NS-NS three-form H is given in terms of the Riemann
curvature two-form and the field strength of the gauge field [35]: dH = −α′[tr{R(ω)∧R(ω)}− tr(F ∧
F )]. In the presence of non-vanishingH-flux, the spin connection ω in the Bianchi identity is modified
to ω+MAB = ωMAB +HMAB and the Bianchi identity is rewritten such as
dH = −α′
[
tr
{
R(ω+) ∧R(ω+)
}− tr(F ∧ F )] . (8.1)
Themodification of the Bianchi identity (8.1) was, for instance, investigated by Hull [36] in the frame-
work of the worldsheet sigma model. Bergshoeff and de Roo applied (8.1) to the supergravity La-
grangian with higher-order α′ corrections [37]. Recent papers follow this modification and analyze
the structures in the effective theories from the heterotic string (see, for instance, [38, 39, 40, 12, 41, 24,
13] and references therein). Since, even in the presence of the condition dH = 0, we have completed
the derivation of topological invariants which will contribute to the anomaly in string theory, we
will be able to derive the above modified Bianchi identity in the flux compactification scenarios in an
explicit way.
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Appendix
A Convention
We introduce vielbeins eM
A and their inversesEA
M , which come from the spacetimemetric gMN and
the metric ηAB on orthogonal frame via gMN = ηAB eM
A eN
B and ηAB = gMN EA
M EB
N . By using
these geometrical variables, let us define the covariant derivativesDM (ω,Γ) in such a way as
DM (Γ)AN = ∂MAN − ΓPNMAP , (A.1a)
DM (Γ)A
N = ∂MA
N + ΓNPMA
P , (A.1b)
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DM (Γ)gNP ≡ 0 = ∂MgNP − ΓQNMgQP − ΓQPMgNQ , (A.1c)
DM (Γ)g
NP ≡ 0 = ∂MgNP + ΓNQMgQP + ΓPQMgNQ , (A.1d)
DM (ω,Γ)eN
A ≡ 0 = ∂MeNA + ωMAB eNB − ΓPNM ePA , (A.1e)
DM (ω,Γ)EA
N ≡ 0 = ∂MEAN − EBN ωMBA + ΓNPM EAP , (A.1f)
[DM (Γ),DN (Γ)]AQ = −RPQMN(Γ)AP + 2TPMN DQ(Γ)AP , (A.1g)
RPQMN(Γ) = ∂MΓ
P
QN − ∂NΓPQM + ΓPRMΓRQN − ΓPRNΓRQM . (A.1h)
Note that AM in the above equations are vector. Γ
P
MN is the affine connection whose two lower
indices are not symmetric in general case. The anti-symmetric part of the affine connection ΓP [MN ]
is defined as a torsion TPMN , while the symmetric part Γ
P
(MN) is given in terms of the Levi-Civita
connection ΓP0MN and torsion terms in the following way:
ΓPMN = Γ
P
(MN) + Γ
P
[MN ] , (A.2a)
ΓP [NM ] = T
P
NM , Γ
P
(MN) = Γ
P
0MN − TMPN − TNPM , (A.2b)
ΓP0MN =
1
2
gPQ
(
∂MgQN + ∂NgMQ − ∂QgMN
)
. (A.2c)
Then the affine connection is also given in terms of the Levi-Civita connection and the other:
ΓPMN = Γ
P
0MN +K
P
MN , K
P
MN ≡ TPMN − TMPN − TNPM . (A.3)
The tensorKPMN is called the contorsion.
We also introduce the covariant derivative induced by the local Lorentz transformation acting on
a generic field φi as
DM (ω)φ
i =
{
δij ∂M −
i
2
ωM
AB(ΣAB)
i
j
}
φj , (A.4)
whereΣAB is the Lorentz generator whose explicit form depends on the representation of the field φ
i.
The curvature tensor associatedwith this covariant derivative is given in terms of the spin connection
[DM (ω),DN (ω)]φ = − i
2
RABMN (ω)ΣABφ , (A.5a)
RABMN (ω) = ∂MωN
AB − ∂NωMAB + ωMAC ωNCB − ωNAC ωMCB . (A.5b)
We also describe the first and second Bianchi identity on Riemann tensor:
1st: 0 = RMNPQ(Γ0) +R
M
PQN(Γ0) +R
M
QNP (Γ0) , (A.6a)
2nd: 0 = ∇MRNPQR(Γ0) +∇QRNPRM (Γ0) +∇RRNPMQ(Γ0) . (A.6b)
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B Formulae
In the formulation of discretized and continuum path integral in quantum mechanics, we define a
number of functions without ambiguities [26]. Here let us summarize functions which appear in
propagators and their derivatives in the quantum mechanics.
∆(σ, τ) = σ(τ + 1)θ(σ − τ) + τ(σ + 1)θ(τ − σ) = ∆(τ, σ) , (B.1a)
θ(σ − τ)∣∣
τ=σ
=
1
2
, θ(τ − σ) = −θ(σ − τ) + 1 , (B.1b)
∂σθ(σ − τ) = δ(σ − τ) , ∂2σ∆(σ, τ) = δ(σ − τ) , (B.1c)∫ 0
−1
dσ
∫ 0
−1
dτ ∆(σ, τ) = − 1
12
,
∫ 0
−1
dσ
∫ 0
−1
dτ δ(σ − τ) θ(σ − τ) θ(τ − σ) = 1
4
. (B.1d)
Notice that δ(σ−τ) should be regarded as the “Kronecker delta” instead of the delta function because
this function appears in the discretized form of the path integral and we should take the continuum
limit carefully.
By using the above basic functions, we should compute various kinds of integral when we an-
alyze loop diagrams in the path integral formalism. In this paper we mainly use a set of useful
formulae which appear in the derivation of invariant polynomials such as the Dirac genus, the Chern
characters, the Hirzebruch signature, and so forth. Here we only list the formula for these invariant
polynomials. When we derive the Dirac genus, we use the integral Ik defined as
Ik ≡
∫ 0
−1
dτ1 · · ·
∫ 0
−1
dτk ∂τ1∆(τ1, τ2)∂τ2∆(τ2, τ3) · · · ∂τk−1∆(τk−1, τk)∂τk∆(τk, τ1) , (B.2a)
∂τi∆(τi, τi+1) = τi + θ(τi − τi+1) ,
∞∑
k=2
yk
k
Ik = log
y/2
sinh(y/2)
. (B.2b)
The following two integrals play important roles in the derivations of the Chern classes and the
Hirzebruch signature:∫ 0
−1
dσ1
∫ 0
−1
dσ2 · · ·
∫ 0
−1
dσk θ(σ1 − σ2)θ(σ2 − σ3) · · · θ(σk−1 − σk)θ(σk − σ1) = 0 , (B.3a)∫ 0
−1
dσ1
∫ 0
−1
dσ2 · · ·
∫ 0
−1
dσk θ(σ1 − σ2)θ(σ2 − σ3) · · · θ(σk−1 − σk) = 1
k!
, (B.3b)
for k ≥ 2. We also use the following integral when we derive the Hirzebruch signature:
J2ℓ =
∫ 0
−1
ℓ∏
i=1
dτi dσi θ(τ1 − σℓ)θ(τ1 − σ1) θ(τ2 − σ1)θ(τ2 − σ2) · · · θ(τℓ − σℓ−1)θ(τℓ − σℓ) , (B.4a)
∞∑
ℓ=1
(−1)ℓ+1
ℓ
y2ℓJ2ℓ = log
(
cosh y
)
. (B.4b)
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